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SUMMARY
This dissertation focuses on developing a predictive method for determining the dy-
namic densification behavior of thermite powder mixtures consisting of equivolumetric
mixtures of Ta + Fe2O3 and Ta + Bi2O3. Of primary importance to these highly reactive
powder mixtures is the ability to characterize the stress at which full compaction occurs,
the crush strength, which can significantly influence the stress required to initiate reaction
during dynamic or impact loading. Examined specifically are the quasi-static and dynamic
compaction responses of these mixtures. Experimentally obtained compaction responses
in the quasi-static regime are analyzed using available compaction models, and an analysis
technique is developed that allows for a correct measurement of the apparent yield strength
of the powder mixtures. The correctly determined apparent yield strength is combined with
an equation of state to yield a prediction of the shock densification response, including the
dynamic crush strength of the thermite powder mixtures. The validated approach is also ex-
tended to the Al + Fe2O3 thermite system. It is found that accurate predictions of the crush
strength can be obtained through determination of the apparent yield strength of the pow-
der mixture when incorporated into the equation of state. It is observed that the predictive
ability in the incomplete compaction region is configurationally dependent for highly het-
erogeneous thermite powder systems, which is in turn influenced by particle morphology




The shock compression of porous and powder materials has been an on-going field of
research for many years. Early work in the field was concerned largely with experimen-
tally determining the equilibrium equation of state response of porous solids and powders
at extremely high pressures and temperatures where strengths of the materials could be
neglected [1–3]. From these types of experiments, thermodynamic states that were not ob-
tainable in solid materials could be reached in the corresponding distended material; thus
offering validation of the equations of state [4] which extrapolated data from one thermo-
dynamic state to another, e.g. from the Hugoniot to the isotherm (see Sect. 2.3). Another
separate, but equally important, area of early research was concerned with the response of
these similar materials to much lower amplitude stresses, where strengths of the distended
bodies could not be neglected. Here, much of the focus was directed toward developing
model formulations that could describe the densification response of distended materials
in the incomplete compaction region. Significant contributions in this area were made by
Herrmann [5], Butcher and Karnes [6], and others [7, 8] in early development of the P-α
model.
As time progressed, so too has our understanding of the complex phenomena involved
in the densification processes that occur during the passage of shock waves in distended
1
materials. Extending the work of Herrmann [5], the P-α model has been modified to in-
clude appropriate stress averaging [9], rate effects [10], viscosity [11], and deformable/non-
deformable material responses [11]. Other models seeking to describe similar phenomena
have been developed over the years, such as those by Grady et al. [12], Petrie and Page [13],
and Simons and Legner [14], and have met with varying degrees of success. Inherent in
each of these models is the ability to incorporate certain aspects of the compaction pro-
cess that result in an accurate description of densification for the particular system being
investigated.
For example, the Mie-Grüneisen equation of state extrapolation [15], which neglects
strength effects and can predict an anomalous Hugoniot response for high initial porosity
materials of decreasing density with increasing stress for highly porous materials (not ob-
served for lower initial porosity materials), presents a unique case for one seeking to model
the compaction process at both low and high stresses. Experimental work on highly dis-
tended copper [14] and iron [16] powders has shown that at low stresses density increases
proportionally with stress, while at higher stresses density either remains approximately
constant or decreases. In an attempt to capture these trends in model formulation, Petrie
and Page [13] combined quasi-static analysis techniques valid at low stresses with an equi-
librium equation of state formulation valid at high stresses to form a unified theory which
does not result in the anomalous Hugoniot response. While overcoming the anomalous
response predicted by the other models, the formulation of Petrie and Page [13] is forced to
become deficient in other areas. Specifically, it has been shown that complete densification
is not predicted by this model in highly porous materials [13], even at very high stresses.
From this example, one can see that by incorporating the necessary means to describe
the compaction behavior at low stresses, model predictions at higher stresses can suffer.
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These types of scenarios are often encountered when modeling the densification response
of porous and powdered bodies over a wide range of initial and impact conditions. What
works well at low stresses, may not work well at higher stresses. Similarly, what works well
for one material system, may not be well suited to others; there has yet to be formulated
a ’one size fits all’ model. As such, the experimentalist seeking to employ a compaction
model to either describe or predict the dynamic (shock) densification response of a dis-
tended body must consider carefully the most important trait(s) of compaction that need to
be represented.
Taking into account the many different formulations of dynamic compaction models
available, most of these models can be divided into two main categories, predictive and
descriptive. Much of the available literature in this area has been focused on the descrip-
tive type. Models of this type are the popular P-α model, developed by Herrmann [5] and
the P-λ model developed by Grady et al. [12]. These models combine properties of the
material whose densification behavior is being described with experimentally determined
compaction data to obtain a best fit of the model to the data. Though varying in form
and function, a common trait shared between these types of models is the inclusion of one
or more empirical fitting parameters. Often, these parameters have little or no correla-
tion with measurable physical properties, and serve only to allow for better fits of model
predictions to experimental data. Because the flexibility of a fitting parameter(s) often
allows these models to describe the compaction process in a particular distended system
quite well, descriptive models have found widespread use in various computational shock
physics codes [17, 18]. With knowledge of only a few key material and model parameters,
these models have been used successfully to describe the behavior of distended bodies and
other bodies of interaction under various impact conditions and geometries.
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What has been explored and employed successfully to a lesser extent are models of
the predictive type. These models seek to predict some aspect of the dynamic compaction
response, be it the incremental compaction response as density approaches theoretical, the
stress at which full compaction occurs (i.e., the crush strength [19]), or both. Of primary
importance to this subset of compaction models is the availability of measured (deformation
or yield) properties of the bulk and/or porous material. The model of Petrie and Page [13]
discussed earlier is one such model in that it uses quasi-static compaction data to predict the
dynamic crush-up response and the high stress equation of state response. Another model
which has been utilized with moderate success to predict the crush strength of distended
materials is P-σY model of Fischmeister and Artz [20]. The P-σY model also relies on
densification behavior in the quasi-static regime; however in keeping with its basis in rate
independent compaction, straightforward application of this model in the dynamic regime
has been found to under predict experimentally determined compaction responses and crush
strengths.
Furthermore, many of the compaction models developed to date have been focused pri-
marily on describing and/or predicting the dynamic (shock) loading response of systems
composed of a single component plus voids. With the addition of a second component,
such as in a mixture, the mechanisms by which deformation, yielding, and the removal
of voids occurs becomes more complicated. Consider the consolidation of a mixture of
two materials with similar yield strengths, where the yield properties of one material are
rate sensitive. Upon application of a dynamic load of moderate strength, the threshold
for material deformation may differ between the two materials, resulting in one stiff and
one compliant component. Depending on the relative volume percentage of each material
present, the densification response of the mixture can be expected to vary significantly.
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However, if the applied load is such that it is well above the yield strengths of either ma-
terial, rate dependent effects diminish and the mixture responds in a more homogeneous
fashion.
One can see that many different aspects affect what is collectively called the ’com-
paction response’ of distended materials and mixtures. In addition to what has been men-
tioned previously, other factors include: particle size, particle morphology, surface rough-
ness, the location of voids, the dominant deformation mechanism (plastic deformation vs.
fracture), etc. Note that the influence of these factors decreases with increased levels of
stress. For practical application, a model must limit the number of variables it employs if it
is to be successfully applied. As such, models are often restricted to describing/predicting
well only certain aspects of the compaction process, and one must determine what the most
important trend(s) that a specific model must be able to capture.
In this work the author seeks to develop a methodology that will allow an experimen-
talist to determine specific information about the dynamic (shock) compaction response of
highly heterogeneous thermite powder mixtures. This methodology is developed as pre-
dictive in nature, with the expectation that through a systematic investigation of the initial
powder configuration and quasi-static densification response, an accurate estimate of the
crush strength can be determined for mixtures of this type. Examined in detail are the
quasi-static and dynamic responses of Ta + Fe2O3 and Ta + Bi2O3 powder mixtures.
Mixtures of this type, which are composed of metal(1) + metal(2) oxide, are collectively
known as thermite mixtures. These mixtures have the potential to undergo reaction and
release a large amount of exothermic heat. Historically, these types of mixtures have been
used in large scale metal welding and fabrication operations [21]. More recently, their
potential to be used as components in kinetic energy penetrators (shell casings) has been
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realized, which has led to renewed interest in the mechanisms by which these mixtures both
compact and react. As such, there have been many developments in the area of reaction
models [22, 23] which seek to describe the conditions necessary to initiate reactions in
thermite mixtures. What has been explored to a lesser extent is the compaction behavior of
these mixtures and what effect the compaction response has on the reactivity of a system. Is
there some correlation between the stress at which the mixture consolidates to full density
(crush strength) and its reaction initiation threshold?
To determine if a correlation of this sort exists, consider the hypothetical scenario shown
in Fig. 1.1, which illustrates three separate reactive mixtures with varying levels of crush
strength. Also, suppose that each of these mixtures consists of the same reactive materials
(e.g. Al + Fe2O3) at the same initial density (V/V0 = 2), and the variation in crush strength
results from differences in the initial configuration (particle size and morphology). In this
case the theoretical energy product resulting from the thermite reaction is the same for all
mixtures. For mixtures where compaction precedes reaction, the greatest amount of energy
(work) is consumed during compaction of the highest crush strength mixture, Fig. 1.1(c).
Correspondingly, the least amount of energy (work) is consumed to fully densify the mix-
ture with the lowest crush strength, Fig. 1.1(a).
If a stress σi is applied to all of the mixtures, as shown in Fig. 1.1, the Hugoniot re-
sponses of the mixtures varies. For the mixture with the lowest crush strength σC = 2 GPa
(Fig. 1.1(a)), application of stress σi results in a reaction between the components as shown
by the deviation in Hugoniot response (shown by the black boxes) from the inert curve. For
the mixtures with higher crush strengths σC = 4 and 6 GPa, reaction is not observed to oc-
cur at stress σi. In these hypothetical mixtures, the variation in reaction initiation stress
































































































































































































of the mixtures to full density. With the least amount of energy consumed to compact the
mixture in Fig. 1.1(a), there exists a sufficient amount of energy remaining to initiate reac-
tion. This is not the case for the remaining two mixtures, for which consolidation to full
density requires a significantly larger amount of energy.
To determine if a correlation between crush strength and reaction initiation stress of the
sort illustrated by Fig. 1.1 exists, one would need to perform a multitude of experiments
to establish values for both the crush strength as well as the threshold for reaction initia-
tion. Current methods of determining the dynamic crush strength of powders and powder
mixtures are often experimentally intensive. Hence, a need exists to develop methods that
can accurately determine the crush strength in these highly heterogeneous thermite powder
mixtures. The focus of this dissertation is to develop such a methodology, one that uses
limited experimental resources to accurately predict the crush strength in thermite powder
mixtures.
In establishing this methodology it is necessary to have an understanding of the rele-
vant shock responses of the materials involved. As such, this dissertation begins with a
discussion of the fundamentals of shock propagation in solids and distended (porous solids
and powder compacts) materials. Of specific interest to the method developed are the dif-
ferent formulations for estimating the Hugoniot response of solid and porous mixtures and
some of the various compaction models available in the literature. In addition to present-
ing the fundamentals on which these formulations and models were built, analysis of their
application to specific material systems is given, with the intent of discovering strengths
and weakness of the different approaches. Following the necessary technical background,
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details of the powder mixtures are presented, with emphasis on individual constituent prop-
erties as well as the heterogeneities within the mixture. This is followed by the experimen-
tal methods used to obtain the compaction characteristics of the mixtures, exploring both
quasi-static and dynamic approaches and analysis techniques.
Results of the experiments are covered in the subsequent chapter, beginning with a
presentation of those obtained quasi-statically. Focus is then shifted toward those obtained
dynamically, with particular attention directed toward the applicability of specific equations
of state and compaction models to each of the two mixtures. Subsequently, the appropri-
ate equations of state and compaction models are applied to each of the two systems (Ta
+ Fe2O3 and Ta + Bi2O3), and results of model calculations are presented in conjunction
with experimental results. The chapter is concluded with a summary of the results and
trends observed. Next, experimental results are analyzed and the methodology for predict-
ing the compaction response of the thermite powder systems is presented. Detailed within
this chapter are the configurational considerations pertaining to the initial microstructure
and the methodology for determining an appropriate estimate of the yield strength of the
components and mixtures. The methodology is then applied to the thermite systems in-
vestigated, and results are discussed. This approach is then extended to the more popular
Al + Fe2O3 thermite system, and a comparison of the predicted and observed compaction
response is given. Finally, concluding remarks are offered as to the development of the




SHOCK FUNDAMENTALS FOR SOLID MATERIALS
Prior to delving into the complex response of heterogeneous powder mixtures to dynamic
loading, which is the major focus of this dissertation, it is instructive to first examine the
fundamentals of shock compression of solid materials. This chapter describes the basic
fundamentals of shock wave propagation in solids, followed by the foundations of the Mie-
Grüneisen equation of state, which is used for both solid and porous materials. Next,
the relationships between different thermodynamic response curves with regard to shock
loading will be examined, including different methods of determining these response curves
for mixtures of materials. Finally, different mixture methods will be discussed and their
predictions will be compared with published experimental results.
2.1 Shock Response of Solid Materials
When two solid bodies collide at high velocity, stress waves are generated at the point/plane
of impact and travel into the bodies interior. The waves can take many forms including
purely elastic, elastic-plastic, or perfectly plastic, where characteristics of the waves depend
largely on the velocity of impact and properties of the materials [24].
For the case of high velocity impact, as can be produced by accelerating an impactor
with explosives or compressed gas, large amplitude stress waves are produced in both the
impactor and target material. A schematic of an idealized planar impact loading situation is
given in Figure 2.1. In this configuration, an impactor (I) is accelerated at a stationary target
(T) and impact occurs along the planar interface between the two. As the stress wavefront
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Figure 2.1: Schematic showing (a) parallel plate impact of impactor I with target T, and
(b) resulting shock wave at a given instant in time.
propagates into the target material at speed US , it transforms the material from an initial
stress σ0 and density ρ0 state, to an elevated stress σ1 and density ρ1 state (Fig. 2.1(a)).
Material behind the front moves at a velocity uP, which is slower than US and is responsible
for the buildup of stress behind the front. If the wave front is sufficiently thin such that
material properties can be treated as discontinuous across the front, and the material is in a
state of equilibrium behind the front, the stress wave is called a shock wave [4].
The equations to relate stress, σ, temperature, θ, and energy, E, (thermodynamic vari-
ables) behind a shock front were originally developed by Rankine [25] and Hugoniot [26]
for fluids; however, their analysis can also be extended to solids. It should be noted that in
the strict sense of application to solids, σ used here to describe stress, is actually a measure
of the applied pressure, or hydrostatic component of stress. This definition of stress (σ) is
used throughout the remainder of this chapter to describe the Mie-Grüneisen equation of
state (Sect. 2.2 and the various thermodynamic response curves (Sects. 2.3 and 2.4).
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For shock waves of constant amplitude traveling into a material which is initially undis-
turbed (US 0 = 0), the conservations equations of mass (1), momentum (2), and energy (3)
are [1]
ρ0US = ρ(US − uP) (1)
σ − σ0 = ρ0US uP (2)
E − E0 = 1/2(σ + σ0)(V0 − V) (3)
where the subscript 0 denotes material properties prior to the arrival of the shock front, and
V is the volume. The product of the initial density and shock velocity, ρ0US , in Eqns. 1
and 2 is commonly known as the shock impedance, and is an important parameter that will
be discussed later in greater detail. Equations 1-3 are known as the Hugoniot equations or
’jump equations’, and are applicable not only to shock waves, but to any wave propagating
with a constant speed and shape [27]. A fourth equation relating any of the two quantities
in Eqns. 1-3, an equation of state (EOS), is needed for closure such that all unknowns
in Eqns. (1-3) can be determined from a single measurement. One such equation which
has found widespread use is the relationship between shock and particle velocities. This
relationship has to be determined experimentally, and is often described empirically for
solids by the linear relationship [28]
US = C0 + S uP (4)
where C0 is the zero pressure soundspeed of a material and S is a fitting parameter.
The conservation equations, together with the equation of state, allow for the complete
representation of a material in thermodynamic space. To demonstrate the applicability of
these equations to solid materials, experimental results on the shock response of copper
are examined. The experimental data shown in Fig. 2.2 was obtained from Marsh [29],
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and shown are every fifth data point beginning with the first impact experiment spanning a
stress range from 8 - 217 gigapascals (GPa). For the data reported, the shock velocity US
was experimentally measured and the material (particle) velocity uP was inferred through
either impedance matching or a measurement of the free surface velocity. Figure 2.2(a)
shows the experimental US − uP relationship for copper as well as a linear least squares
fit of the data which yields values of C0 = 3.9312 km/s and S = 1.4895 for the EOS of
the form of Eq. 4. With C0 and S determined, the linear equation of state can be used to














C0 + S uP
)
(5)
With the volume so determined, the shocked stress is calculated by [28]
σ =
C20(V0 − V)
[V0 − S (V0 − V)]2
(6)
where the fit of Eq. 6 to the data of Marsh [29] is shown in Figs. 2.2(b) and (c). One
can see that once C0 and S are determined, the complete Hugoniot response of a material
can be predicted. Also shown in Fig. 2.2(b) is the Rayleigh line, the line which connects
the initial state (ρ0,US 0, uP0) to the final Hugoniot state achieved during impact (ρ,US , up).
Under impact conditions the material will not follow the Hugoniot path; rather, it follows
the Rayleigh line to reach its final state on the Hugoniot. Furthermore, it can be shown
through Eqns. 1-3 that the slope of the Rayleigh line in the σ-V plane is proportional to the
square of the shock impedance.
Having described some of the more fundamental relationships regarding the shock load-
ing of solid materials, and their relationships between experimentally determined parame-
ters through the linear equation of state, attention now shifts toward an alternate equation
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Figure 2.2: Schematic showing Cu material behavior from [29] in (a) US − uP, (b) σ − V ,
and (c) σ − uP space
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of state which allows for prediction of material behavior in ’off Hugoniot’ states. This
equation of state is the commonly used Mie-Grüneisen EOS.
2.2 Mie-Grüneisen Equation of State
When examining the behavior of materials under shock loading, it is often desirable to ob-
tain information about the behavior of the material in an off-Hugoniot state. For example,
mixing routines used to predict the Hugoniot response of mixtures composed of two or
more materials with known Hugoniots requires knowledge of the materials 0 K isotherms
(σ−V response at zero Kelvin). Furthermore, unloading from the shocked state is assumed
to occur isentropically (at constant entropy) such that accurately predicting the stresses
in successive impedance matching calculations (see Sect. 6.8) requires knowledge of the
release isentrope. However, in many instances, only information about the Hugoniot re-
sponse of a material is known and can be determined experimentally. In instances such as
these, the Mie-Grüneisen EOS can be used to determine the off-Hugoniot response.
The Mie-Grüneisen EOS is statistical in character and uses the oscillatory nature of
atomic vibrations to relate two pressure and energy states [15]. The underlying assumption
in this approximation is that at a given volume, all the atomic oscillators are assumed to
vibrate at the same frequency, making the Grüneisen parameter a function of only volume.





where ν is the vibrational frequency of an atom, γ(V) is the Grüneisen parameter, and the
relation is taken at constant temperature. This relation is of practical importance because if
one can assume that all atomic oscillators are vibrating at the same frequency at a particular
volume, then one can relate the stress and energy in some known reference state to the stress
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and energy in another state, where these values are unknown. Utilizing the Grüneisen
parameter to this end allows for the known and unknown stress and energy states to be
related through [15]
σ − σR =
γ(V)
V
(E − ER). (8)
One can see that Eq. 8 serves to relate an unknown (σ,V, E) state of interest to the stress and
internal energy of some known reference state (σR,V, ER) at the same volume. Equation 8





which upon rearrangement and appropriate substitution using Maxwell’s relations allows
for the Grüneisen coefficient to be expressed in terms of the volumetric thermal expansion,







Another form of γ(V) was developed by Slater [30] and extended by Dugdale and McDon-
ald [31] and uses Debye’s theory of atomic vibrations to account for vibrational velocities
at pressures other than zero. Their work resulted in the relation for the Grüneisen parameter















Though the Dugdale-MacDonald relation, Eq. 11, has been shown to match sufficiently








is often used to simplify calculations, and has been shown to give sufficiently accurate re-
sults for many materials for stresses up to several hundred gigapascals [1, 15]. Using the
approximation given by Eq. 12, calculations have been developed using the Mie-Grüneisen
EOS to determine relationships between the different thermodynamic response curves of a
material, specifically, relations between Hugoniots, isotherms, and isentropes. The under-
lying principles in the derivations relating the aforementioned thermodynamic responses
will be presented in the next few sections.
2.3 Hugoniots and Isotherms
The general Mie-Grüneisen EOS given by Eq. 8 can be used to calculate the (σ-V-E) re-
sponse of a material from a known reference curve. Thus if the Hugoniot of a material is
known, one can use this, in conjunction with the Grüneisen EOS, to determine an isother-
mal loading response. Similarly, if the isotherm is known, the Hugoniot can be calculated.
The relationship between a Hugoniot and an isotherm, calculated based on a pressure offset
is shown in Fig. 2.3.
If the Hugoniot of a material is known, Eq. 8 takes the general form [33]
σH(V) = σθ(V, θ0) +
γ(V)
V
[EH(V) − Eθ(V, θ0)], (13)
where σH(V) and σθ(V, θ0) are the known Hugoniot and unknown isothermal hydrostatic
stress responses. Similarly EH(V) and Eθ(V, θ0) are the specific internal energy on the
Hugoniot and isotherm, where θ represents temperature. To determine the stress response
along the isotherm, σθ(V, θ0), relations for the energy terms must be developed first. The
Rankine-Hugoniot energy relation can be used to represent the energy along the Hugoniot
as [33]
EH(V) = ER +
1
2
σH(V)(VR − V) (14)
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H
Figure 2.3: σ-V relationship between a Hugoniot and isotherm (from Davison [33]).
where the reference state is such that when σH = 0, V = VR. The specific internal energy
along the isotherm can be represented by the equation [33]
Eθ(V, θ0) = E0 −
∫ V
V0






where E0 is the reference internal energy at zero stress and θ = θ0, CV(V, θ0) is the constant
volume heat capacity. It should be noted that the general form of Eq. 15 follows from the
first law of thermodynamics. Inserting Eq. 14 and 15 into Eq. 13, and assuming the specific
heat and ratio γ/V are constant results in the following relation for the isotherm in terms of
















Equation 16 can be manipulated to yield a first order differential equation to solve for
σθ(V, θ0) as a function of volume as will be shown later. Similarly, one can solve for an




V [ER − E0 +
∫ V0
V
σθ(V, θ0) − θ0
γ
V CV(V − V0)]
1 − γ2V (V0 − V)
(17)
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Evaluating Eq. 16 for the isotherm requires knowledge of the reference internal energies
at zero stress for the Hugoniot and the isotherm, as well as the zero stress specific volume
of the isotherm, see Fig. 2.3. Davison [33] gives the following approximate relations to
determine V0 and E0 along the isotherm in terms of known VR and ER [33]
V0 = VRexp[β(θ0 − θR)] (18)
and




where β is the volumetric thermal expansion coefficient and CP is the specific heat at con-
stant pressure (σ = 0). A more rigorous method of determining these parameters utilizing
Debye’s atomic theory has been developed by McQueen et al. [1] and is presented next.
The simplest form of the Debye theory [34], in which a single Debye theta, θD, is used
to describe the atomic vibrations of a solid, can be used to accurately represent the specific
heat and thermal energy of many solids. Within this framework, McQueen et al. [1] define
the specific heat at constant volume, CV , and the thermal energy, ET , as









dz, x = θD/T (21)
and
ET = 3nkT D3(x). (22)
In the foregoing equations, n is the number of atoms per gram of material and k is Boltz-
mann’s constant. The thermal energy ET can represent the zero stress energy along the
Hugoniot, ER, if the zero stress reference energy along the isotherm is arbitrarily set to
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zero. If adequate material properties exist, Eq. 20 can be used to solve for θD in terms
of the known specific heat, provided the specific heat is less than the quantity 3nk. In in-
stances where the specific heat exceeds 3nk, the above relations do not hold and θD can be









where A is the mean atomic weight, TM is the melting temperature of the solid, ρ0 is the
mean density, and B is an empirical constant found to be approximately 120. Once a value
for the Debye theta θD is known, ET can be calculated using Eqns. 21 and 22. For the
special case of the 0K isotherm, V0 can be determined by solving the Mie-Grüneisen EOS





where γ0K = (γR/VR)V0 and EH is given by Eq. 3, with V0 and V set to VR and V0, respec-
tively, and P0 = E0 = 0. For isotherms other than 0K, Eqns. 18 and 19 can be used to






















Equation 25 is a first order differential equation which can be solved numerically to yield
the stress as a function of volume along the isotherm. Having solved for the σ−V isotherm,
the specific internal energy along the isotherm can then be determined by inserting the
known σ and V quantities into Eq. 13 and solving for Eθ(V, θ0) which gives [33]
Eθ(V, θ0) = ER +
γ(V)
V
σθ(V, θ0) + σH(V)[
1
2





By implementing Eqns. 25 and 27, one can determine the (σ-V-E) relations for any
isotherm of a material from a known Hugoniot. In many instances the 0K isotherm is of
particular interest, and the next section examines two different methods to determine the
0 K isotherm of a material in greater detail.
2.3.1 The Zero K Isotherm
In the foregoing analysis, general equations for an isotherm of any temperature were de-
veloped, and the 0K isotherm is merely a special case in which θ = 0. As such, one means







σθ(V, θ0)dV = σH(V)[1 −
γ
2V
(VR − V) −
γ
V







σθ(V, θ0) = K(V) (29)
where K(V) takes the same value as in Eq. 25. Recall that Eqns. 22 and 24 can be used to
determine ER at V = VR and P = 0 along the Hugoniot and V0 at P = 0 along the isotherm.
An alternative method to determine the 0K isotherm has been developed by McQueen
et al. [1]. This approach assumes a material can be adequately described by a two term
EOS such that
σH(V, θ) = σK(V) + σθ(V, θ) and EH(V, θ) = EK(V) + Eθ(V, θ) (30)
where σH(V, θ), σK(V), and σθ(V, θ) and EH(V, θ), EK(V), and Eθ(V, θ) are the Hugoniot,
isotherm, and thermal stress and energies, respectively. By representing a material with a
two term equation of state, one effectively neglects any electronic behavior. Such equations
of state have been shown to not be entirely accurate by Al’tshuler [3]; however, electronic
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terms are sufficiently small below approximately ten thousand degrees such that they may
be neglected in the analysis of materials under moderate shock stresses up to several hun-
dred GPa [35]. With knowledge of a materials Hugoniot, σH(V), the energy along the
Hugoniot is calculated using Eq. 14, with ER representing the reference energy along the
Hugoniot at σ = 0, V = VR. Calculation of the thermal energy, Eθ(V, θ) requires knowledge
of the temperature along the Hugoniot which can be determined by first taking the deriva-
tive of the Rankine-Hugoniot energy equation, Eq. 14, expanded to include the initial stress









(V0 − V) − σH(V) − σ0] (31)
where the Hugoniot is centered at the points σ = σ0 and V = V0. Recalling the first law of












dV (V0 − V) + σH(V) − σ0
2θH(V)
(33)
which can be solved for temperature if one recalls that temperature is a function of both vol-
ume and entropy such that its total derivative can be expressed (using the thermodynamic





























dV (V0 − V) + σH(V) − σ0
2CV
(36)
which is a first order differential equation that can be solved for temperature. In the fore-
going analysis, it is assumed that both the ratio γ/V and CV are constants. With the tem-
perature along the Hugoniot known, the thermal energy Eθ(V, θ) along the Hugoniot can be
calculated using Eqns. 21 and 22, and with the thermal energy so calculated the thermal
stress can be calculated using the Mie-Grüneisen EOS through σθ(V, θ) =
γ
V Eθ(V, θ). Hav-
ing solved for the thermal stress and thermal energy one can then determine the energy and
stress along the 0K isotherm using Eq. 30 to yield
σK(V) = σH(V, θ) − σθ(V, θ) and EK(V) = EH(V, θ) − Eθ(V, θ) (37)
such that a complete (σK-V-EK) representation of the material at 0K is known.
2.4 Hugoniots and Isentropes
The isentrope is another thermodynamic curve of interest. It is the compressional response
of a material under the condition that entropy is held constant. Conventionally, the isen-
trope has been used to describe the unloading behavior of a material from its Hugoniot
state [36]. However, recent advancements in ramp loading [37] have allowed for the deter-
mination of material strength properties under quasi-isentropic loading conditions [38, 39]
and have increased interest in isentropic loading phenomena. A schematic representation
of the Hugoniot and an isentrope is shown in Fig. 2.4.
Generally, experimentally determining isentropic (quasi-isentropic) loading curves re-
quires extremely specialized equipment [37], and it is often desirable to derive the isen-
tropic loading and unloading response of a material from its known Hugoniot. Similar to
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Figure 2.4: σ-V relationship between a Hugoniot (solid curve) centered at σ = 0,V = VR
and an isentrope through the point (σ+,V+)(from Davison [33]).
the method for calculating the isotherm of a material, the isentrope can also be derived from
the known Hugoniot using a pressure (hydrostatic stress) offset (Fig. 2.3) at a given vol-
ume. Beginning with the Mie-Grüneisen EOS and inserting the Rankine-Hugoniot energy
equation as well as the expression for energy along an isentrope, which can be represented
as [33]
ES (V, S +) = E+ −
∫ V
V+
σS (V, S +)dV (38)
one arrives at the equation for stress as a function of volume along the isentrope with respect
to the known Hugoniot






σ+(VR − V+) −
∫ V
V+
σS (V, S +)dV] + σH(V)[1 −
γ(V)
2V
(VR − V)]. (39)
In Eq. 38, E+ is simply shock energy along the Hugoniot at (σ+,V+). Figure 2.4 shows
schematically the meaning of the quantities given in the foregoing equations. Equation 39




constant, the first order differential equation [33]














(VR − V)] (40)
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Equation 40 allows one to determine the stress as a function of volume along the isentrope
passing through the point (σ+,V+) in terms of a Hugoniot centered at (σ = 0,V = VR)
which also passes through the same point (σ+,V+).
Another important quantity related to an isentropic compression or decompression is
the steady-state mass flow, or material velocity. Because isentropic flow occurs gradually,
direct application of the Rankine-Hugoniot ’jump equations’ cannot be used. Instead, one





















c = 0 (42)
to determine the characteristics of mass flow [41], where t, x, and u are time, position, and
displacement, and c is the speed of sound in the material. Using this technique, the mass













Thus one can determine the material velocity directly from the stress-volume response
along the isentrope. Equation 43 will be used explicitly in impedance matching techniques,
where stress and material velocity are of primary importance.
2.5 Mixture Hugoniots
It is often desirable to predict the high-pressure response of mixtures of materials. In the
case of simple mixtures, which are composed of structurally varying components inter dis-
persed within some volume, several different methods of estimating mixture Hugoniots
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have been developed. Overall, the goal of the various mixture routines is to predict the
Hugoniot response of the mixture with knowledge of the compressional responses of the
individual components. In this section, several different means by which the Hugoniot re-
sponses of mixtures are obtained are examined, and their results are compared to published
data.
2.5.1 Basic Mass Averaged Equation of State
The simplest method of estimating an equation of state (EOS) for a mixture is by averaging
the EOS of each material present within the mixture. Averaging can be carried out on the
basis of the mass fractions of the individual components such that the EOS for the mixture








where Xi is the mass fraction of component i. This method is simple and straightforward,
and is considered satisfactory as a first approximation for mixtures of many materials.
However, as shock stress increases, so to do temperature effects, and when constituents
possess significantly different thermal properties the method of simple mass averaging may
be insufficient to adequately describe the Hugoniot response mixtures. To address this
issue, McQueen and co-workers [1] developed a modified mass averaging technique based
on zero Kelvin isotherms.
2.5.2 Zero Kelvin (Isothermal) Mass Averaged Equation of State
Realizing the compressional response of a simple mixture is influenced by variations in
shock heating between the individual components, McQueen and co-workers [1] sought to
minimize these effects by formulating a mixture EOS based on the zero Kelvin isotherms
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(cold curves) of the constituents. In this method, a zero Kelvin isotherm for each constituent
is calculated, by either extending low pressure quasi-static data of the type obtained by
Bridgman [42] or by calculation from the known Hugoniot as presented in Sect. 2.3.1.
Once the zero Kelvin compression curves for the constituents are known, the zero Kelvin






where the subscript k indicates the quantity is taken along the zero Kelvin isotherm. In-
herent in these equations is that stress is equilibrated in the constituents behind the shock
front. To determine the Hugoniot response of the mixture, the zero Kelvin isotherm for
the mixture described by Eq. 45 must be heated up. To accomplish this, values for the
Grüneisen parameter of the mixture, or equivalently (∂ E/∂ P)V = V/γ which in their anal-
ysis is assumed constant, and the specific heat at constant volume CV of the mixture must
be determined. McQueen and co-workers [1] assume these quantities for the mixture can






With these quantities known, the Hugoniot of the mixture is determined using the Mie-
Grüneisen EOS of the form of Eq. 8.
2.5.3 Material Velocity Mass Averaged Equation of State
Another method of determining the EOS of a simple mixture is presented by Batsanov
[43], and is based on mass averaged material velocities of the constituents. Within this
framework, the mass velocity of a two component mixture is related to the mass velocities
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of the individual constituents through the relation
u(σ)2σ,m = X1u(σ)
2
σ,1 + (1 − X1)u(σ)
2
σ,2 (47)
where the subscripts m and i = 1, 2 indicate values for the mixture and the individual
constituents. If the equation of state relating US − uP is linear, the material velocity of











where C0,i and S i are the same fitting parameters found in Eq. 4. Substituting Eq. 48 into
Eq. 47, one can determine the material velocity at a given stress for a two component
mixture. Again, in this description stress is assumed equilibrated between the constituents.
With knowledge of the σ − uP behavior of the mixture, the conservation relations given
by Eqns. 1-3 can be used to convert the σ − uP response to the σ − V plane. Extension to
systems with more than two components is apparent.
2.5.4 Energy Partitioned Equation of State
An approach taken by Krueger and Vreeland [44] stems from the idea that different com-
ponents in the mixture will absorb different amounts of energy (temperature) immediately
behind the shock front. In their model, it is assumed that stress and material velocity are
equilibrated between the constituents at or within close proximity to the rise time to peak
stress. Conversely, thermal equilibrium is not reached during the shock rise time, and
is supposed to occur orders of magnitude more slowly than stress equilibrium. Within this
framework, the total specific internal energy of a shock wave of stress σ1 can be partitioned
to each of the components through
XEA + (1 − X)EB =
1
2
σ1(V00,M − V1,M) (49)
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where X is the mass fraction of component A, V00,M and V1,M are the initial volume and
volume at stress σ1 of the mixture. Here, the ambient energy for each component is taken
as the reference energy, and the initial stress of the mixture is assumed to be zero. The
energy and stress can be further partitioned into thermal and elastic components
EA = ET,A + EE,A, EB = ET,B + EE,B (50)
σA = σT,A + σE,A = σB = σT,B + σE,B (51)
where the subscripts T and E signify the thermal and elastic components. Employing the
definition of the Grüneisen parameter given by Eq. 9, and assuming a constant γ/V ratio








By substituting Eqns. 50-52 into Eq. 49 the equation for the equilibrated stress becomes
[44]
σ1 =
ωAσE,A(λA) + ωBσE,B(λB) − XEE,A(λA)/V0,AV0,B − (1 − X)EE,B(λB)/V0,AV0,B



























In the foregoing equations, V1,A and V1,B are the specific volumes of components A and B
at stress σ1, and a volume dependence (λi) is indicated for the elastic stresses and energies.
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Yet to be defined are relations for the elastic components of stress and energy, σE,i(λi) and


























In Eqns. 57 and 58, β0S is the isentropic bulk modulus and β′0S is its first derivative with
respect to stress taken at constant entropy. In light of the fact that the stress derivative
of the isentropic bulk modulus is difficult to obtain experimentally and theoretically, the
assumption β′S ≈ β
′
T is made, where β
′
T is the isothermal pressure derivative of the bulk
modulus which is more easily obtained. Similarly, the thermal energy of a mixture can also
be difficult to determine, thus Krueger and Vreeland [44] postulated that there existed some
ratio of the thermal energies
ξ(σ1,US , uP) ≡ ET,B/ET,A (59)
which, when combined with the relation
σ1(1 − ξ/ε) = σE,B(λB) − (ξ/ε)σE,A(λA) (60)
makes it convenient to examine the two extremes of energy partitioning, where either com-
ponent A or B absorbs all the energy, or any other intermediate partitioning. To determine
the Hugoniot response of the mixture, Eqns. 53 and 60 must be combined with the con-
tinuity equations of mass and momentum, Eqns. 1 and 2, to yield a system of four equa-
tions with five unknowns (σ1,US , uP,V1,A,andV1,B), which can be solved simultaneously if
a value for one of the variables is assumed.
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2.5.5 Comparison of Mixture Models
To look at the robustness of each of the aforementioned mixture models, it is intuitive to
compare model predictions with results from actual Hugoniot experiments. Unfortunately,
for simple mixtures of the type for which these models were developed, where individual
constituents are structurally distinct (i.e. not a single phase alloy), published data for fully
dense mixtures is sparse. Instead we examine a nearly fully dense mixture of tungsten and
copper, which is commercially designated as Elkonite 10W3 and is composed of tungsten
with 24 weight percent copper. The material properties of the constituents are given in
Table 2.1
Table 2.1: Material properties used to determine mixture response of Elkonite 10W3. Data
with ∗ from [44], all else from [1] p. 532 and p. 543.
Cu W
ρ0 (g/cm3) 8.930 19.224
C0 (km/s) 3.940 4.029
S 1.489 1.237
γ0 1.99 1.54
3Nk (at − J/kg − K) 392.5 135.7
CV J/kg − K) 371.8 131.0
θD (K) 306 247
E0H (J/kg) 77,000 29,000
V0K (m3/kg) 1.10902x10−4 5.58779x10−5
P0H (kg/m − s2) 0 0
T0 (K) 293 293
Xi 0.24 0.76
β0S (kg/m − s2) 139.76x109∗ 308.1x109∗
β′0S 4.994
∗ 3.996∗
The Elkonite 10W3 Hugoniot data used for comparison of model data is that of Marsh
[29], which has an average initial density of ρ0 = 14.852 g/cm3 [29]. The theoretical
density of this composition, as determined from the mass averaged rule of mixtures, is
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Figure 2.5: Comparison of different mixture routines with experimental Hugoniot data for
Elkonite 10W3.
15.058 g/cm3, resulting in a distention of 1.014, or equivalently, the mixture is 98.6 %
of its calculated theoretical density. Neglecting porosity, the results of the four mixture
models with the data of Marsh [29] are given in Fig. 2.5. Clearly visible in Fig. 2.5 is how
the incorporation of even the slightest amount of porosity significantly effects the ability of
these models to accurately predict the Hugoniot response. It should be noted that the energy
partitioning ratio (Sect. 2.5.4) used in the calculation is ξ = 1. The basic mass averaging
method (Sect. 2.5.1) is by far the worst at predicting the response, and differs significantly
from the other predictions. The mass averaged, isothermal, and energy partitioning models
all predict similar responses up to uP ≈ 400 m/s, at which point the energy partitioning
32
model diverges from the other two models. However, all methods without the explicit
incorporation of porosity perform very poorly.
As many mixtures of interest often possess some level of inherent porosity, these mod-
els need to have the ability to incorporate porosity if they are to successfully predict the
Hugoniot response. As developed thus far, only the energy partitioning model (Sect. 2.5.4)
has a means to incorporate porosity; it does so through the parameter V00,M. The influence
of porosity and its effect on material response is the subject of the next chapter, at which
point the the Elkonite 10W3 material system will be revisited.
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CHAPTER III
SHOCK FUNDAMENTALS FOR PARTICULATE MATERIALS
Having covered the basic fundamentals needed to describe shock processes in solids, at-
tention is now turned toward the shock response of distended materials (including porous
solids and powder compacts), which adds additional elements of complexity to the analysis
of shock wave propagation. In addition to bulk material response, factors such as powder
particle and void size and shape and surface characteristics will influence the shock com-
pression response. Although research on distended materials has been on-going for over
50 years [2, 46], many questions regarding the crush-up response, particularly in the case
of powders, during dynamic loading still remain. For example, what role do the intrinsic
and extrinsic properties of individual constituents play in the consolidation of highly het-
erogeneous powders and their mixtures? This chapter begins with general comments on
the packing of powders. This is followed by an explanation of the static and dynamic con-
solidation techniques, with emphasis given to energetic and configurational considerations.
Lastly, different methods to incorporate distention into the shock Hugoniot are described,
focusing on several constant volume and constant stress extrapolations.
3.1 Particle Packing
The resting configuration of powder particles (and void space) is an important parameter
in powder processing and depends on many factors including particle size distribution,
shape, surface roughness, density, etc. For a random dense packing of monosized spherical
powders, the maximum packing fraction is ≈ 0.6 [47]. However, by introducing a size
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distribution in the powders, as is the case in most real-world powder systems, significant
increases in packing fraction can be achieved [47, 48]. For different binary mixtures of
particles, Santiso and Müller [47] have observed variations in the total packing fraction by
changing the weight fraction of larger particles. Their results are shown in Fig. 3.1, with the
solid and dotted lines giving the upper and lower bounds of packing fractions for infinite
and mono disperse size ratios. One can see that as the size ratio of large to small particles
increases, there is an optimal weight fraction of larger particles that results in maximal
packing fraction. However, as the weight fraction of larger particles is further increased,
total packing fraction decreases due to the amount of smaller particles being insufficient to
completely fill the void spaces between the contiguous network of larger particles.
Introduction of a size distribution can also lead to significant segregation in powder
mixtures. As particles move past one another during processing, it has been shown that
smaller particles tend to settle toward the bottom of a mixture, shifting larger particles up-
ward [49]. Lan, employing Monte Carlo methods to simulate shaking in a ternary powder
system has observed preferential segregation of the smallest particles at early times [50].
Results of this work from Rosato [49] are shown in Fig. 3.2. Notice that settling of the
smallest particles has occurred at cycles 60 and 120, where medium and large particles
remain largely unsegregated. This phenomena can lead to significant heterogeneities in
powder compacts with finite size distributions, especially if the particles also possess vari-
ant intrinsic properties.
As particle size is reduced to less than 100 µm, gravity is no longer the dominant force
influencing particle motion; rather, attractive and repulsive forces between particles become
dominant. For particles < 100 µm van der Waals forces are the dominant forces, while as
particle size decreases below < 1 µm electrostatic forces become dominant. Interactions of
35
Figure 3.1: Packing fraction η of binary hard spheres as a function of volume fraction of
larger particles wI for different size ratios R: crosses, R = 2; open circles, R = 4; closed
squares, R = 5. Solid line represents infinite size ratio, and dashed line is for a mono
disperse system (R = 1).(From Santiso and Muller [47])
36
Cycle 0 Cycle 60
Cycle 120 Cycle 290
Figure 3.2: Particle configurations at 0, 60, 120, and 290 cycles for Monte Carlo simulation
of ternary mixture with d1:d2:d3 = 1:1.5:2 and shaking amplitude equal to diameter d1
(From Rosato [49]).
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these types can lead to decreased coordination and the formation of agglomerates, resulting
in lower overall packing fractions [51]. Surface roughness can also affect packing fractions,
especially as particle size decreases. As particle surfaces become increasingly rough, par-
ticle sliding and rolling becomes more difficult, which can lead to increased porosity [52].
Furthermore, deviation in particle shape from that of a sphere can also lead to less efficient
packing and an increase in porosity [53].
Hence, it is evident that many different factors influence the resting configuration of a
powder mixture. In an ideal mixture, the highest packing fractions might be achieved with
smooth, spherical, bi-dispersed size powders with diameters greater than 100 µm. How-
ever, in reality powder mixtures rarely achieve this level of ideality. Particles often contain
some level of surface roughness, are rarely perfect spheres, and almost always contain some
finite size distribution. Furthermore, particle sizes in powder metallurgy and other appli-
cations are often much less than 100 µm [16, 54]. Though less than ideal, researchers and
engineers alike work with real powder mixtures, and their relative arrangement (packing)
is of primary importance because it can greatly influence both the quasi-static and dynamic
compaction characteristics.
3.2 Quasi-Static Compaction of Powders
Conventional quasi-static compaction of powders occurs at relatively low loading rates,
between 10−5 - 10−1/s, where inertial effects can be neglected [55]. This type of compaction
is facilitated by the transfer of stresses (which may be σx, σy, or σz and do not necessarily
refer to the hydrostatic component of stress discussed in the previous chapter) along particle
contact points or surfaces, and generally, as applied stresses exceed some critical value
(equivalent to the Brinell hardness) at the contact points, the material deforms and contacts
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Figure 3.3: Three stages of uniaxial compaction of metal powders showing from left to
right initial rearrangement, growth of contacts, and bulk deformation (from German [57]).
grow as compaction proceeds [56]. The process can be described by three distinct stages,
which are shown schematically in Fig 3.3 [57].
With application of an initial applied stress, the powder configuration changes from its
loosely associated state to a higher density, higher coordination configuration through the
rearrangement of particles. Following rearrangement, as stress increases, the contact points
between neighboring particles begin to deform and grow in number and size for ductile
powders. Finally, as the applied stress increases further and contacts begin to impinge upon
one another, deformation of the bulk occurs. It is supposed that all three of these processes
occur simultaneously; however, each process is thought to dominate over a specific stress
range [58].
At low stresses, particle rearrangement is the dominant mechanism responsible for com-
paction. This process is greatly influenced by extrinsic particle properties such as shape,
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size, and surface roughness, and is responsible for an approximately 5 to 10 percent reduc-
tion in porosity [57]. The second stage of compaction is characterized by the growth of
contact areas between particles, and Artz [59], assuming an initial random dense packing
of monosized spherical powders, has developed equations to describe the increase in co-
ordination and average contact area between particles as a function of a particle’s center
position. During this stage, deformation of the particles is located almost exclusively at
the contact points, and as particle contacts grow, further increases in densification become
more difficult. Finally, as contacts between particles begin to impinge upon one another,
densification is dominated by deformation of the bulk [20]. Similar mechanisms occur for
brittle ceramic powders, with the exception that during the final stage of compaction bulk
deformation is replaced by particle fracture and further rearrangement [58].
One defining characteristic of quasi-static compaction is the non-existence of inertial
effects. Consequently, this allows for the rearrangement of particles during consolidation,
such that stresses are more evenly distributed throughout the powder network. This leads
to the characteristic geometries observed for quasi-static compacts, which are comprised
of straight lines of contact (2-D) and finite points of contacts (1-D) between neighboring
particles [60]. An example of this configuration is shown schematically in Fig. 3.4 and is
based on the results of a computational investigation by Kumar, Kumar, and Philip [61].
This investigation also demonstrated the evolution of plastic strain in the quasi-static
regime, as illustrated in Fig. 3.5. Note how the strain originates at particle contact points,
and grows laterally as time progresses, flattening particle contacts until the particle resem-
bles the characteristic quasi-static hexagonal shape.
Another key aspect of quasi-static compaction are die wall effects. In uniaxial pressing,
die walls not only cause localized regions of increased voids [62], but can also lead to
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Figure 3.4: Characteristic quasi-static compact showing straight contact lines and finite
contact points between particles (from Kumar [61]).
enhanced friction, causing gradients of stress and density within the compacts. If a powder
of height H is compressed in a die with diameter D, as is shown in Fig. 3.6, forces must
balance such that [57]
Σ F = 0 = A(P − Pb) + uFn (61)
where Fn is the normal force and u is the coefficient of friction between the die wall and the
powder. With the incorporation of a proportionality constant, z, representing the ratio of
radial to axial stress, the normal force can be written in terms of the applied stress as [57]
Fn = π zPDdH (62)
where the frictional force is determined by combining Eq. 62 with the coefficient of friction
as [57]
F f = uπ zPDdH (63)
In the foregoing equations, dH is the thickness of the segment of powder and P is the
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Figure 3.5: Equivalent plastic strain for compaction speed of 300 m/s at (a) 40, (b) 60, (c)
70, (d) 80, (e) 90, and (f) 100 ns (from Kumar [61]).
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Figure 3.6: Schematic showing applied stress P and normal and frictional forces within a
powder compact (from German [57]).
applied stress as shown in Fig. 3.6.
To minimize these effects, powders and/or dies may be lubricated and pressing ge-
ometries should be such that low height to diameter ratios are achieved. The method of
uniaxial pressing (single or double action) also affects final compact density. For single
action pressing, the highest densities are achieved near the mobile punch surface and de-
crease with distance toward the stationary punch. In contrast, for double action pressing,
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the lowest densities are found in the center of the compact. This concept is shown schemat-
ically in Fig. 3.7 [63]. What is not explicitly shown in Fig. 3.7, is the difference in density
variation throughout the compact thickness between pressing methodologies. For a copper
powder pressed with a height to diameter ratio of one, German [57] has shown that density
gradients for single and double action pressings can reach 15 and 5 percent, respectively.
For powders which require specific compositional control such that lubricants may not be
used, density gradients in the compact should be minimized by careful control of compact
geometry and pressing methodology.
It is also important to note the relationships between applied load and resultant final
compact density and structural integrity. Generally, as compaction pressure increases com-
pact density and structural integrity tend to increase; how much depends on the intrin-
sic and extrinsic powder material properties. Numerous relations have been developed
over the years to describe the stress-density, or compressibility, relationship for powder
systems, and an excellent, though somewhat dated, review is provided by Kawikata and
Lüdde [64]. Generally, it is observed that softer powders are compacted more readily than
harder ones [65], thus for any given compaction stress a material with a higher hardness
will result in a lower overall compact density. In addition to material hardness, particle
size also affects the densification response, and compressibility is often found to be propor-
tional to particle size. This results strictly from geometric considerations in that as particle
size increases, the number of contact points supporting the applied load decreases, and
the overall stress per contact increases. Higher stresses at the contacts leads to a greater
amount of localized yielding for larger particles at lower overall applied stresses. The
effect of particle size on the stress-density relationship is shown in Fig. 3.8 for an iron pow-
der [66]. Figure 3.8 also shows the effect of particle size and applied stress on strength. For
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Figure 3.7: Variation in density (P) for (a) single action and (b) double action pressing
(from Tsukerman [56]).
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Figure 3.8: Density and strength versus forming pressure (applied stress) for hydrostati-
cally pressed iron powder (from van Buren [66]).
46
a given particle size, an increase in applied stress results in an increase in compact strength.
However, in contrast to its effect on density, particle size has an inverse relationship with
compact strength. Thus, as particle size increases, compact strength decreases.
Particle shape also affects compact strength. For particles with identical intrinsic prop-
erties, compact strength depends largely on the average area of contacts and their respective
cohesive forces, which are highly dependent on shape and surface roughness. Tsuker-
man [63] reports that tensile strengths for an identical composition of iron pressings with
different particle structures can vary by as much as a factor of 100.
Through direct application of stress during quasi-static loading, ductile metallic pow-
ders can reach densities upwards of 90-95 % theoretical. Furthermore, ceramics and oxides,
which are typically harder and more brittle than metals, can saturate at even lower densities.
Under these conditions Benson et al. [60] notes that quasistatic deformation does not result
in bonding between the particles even under high pressures, hence structurally sound com-
pacts will not necessarily be produced even though densities approach theoretical. In order
to achieve near full density compacts, with properties sufficient for structural applications,
quasi-statically pressed compacts need to undergo further processing. For some materials,
this can be a high temperature sintering process; which, for certain systems can result in
unacceptable alterations in microstructures and their resultant material properties. For ex-
ample, sintering at high temperatures can result in grain growth, phase transformations, and
molecular decomposition or chemical reactions. Consequently, a low temperature full con-
solidation process is often desired; dynamic densification, or shock compaction, presents
one such methodology.
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3.3 Dynamic Compaction of Powders
Dynamic densification, or shock compaction, involves the consolidation of powders and
porous materials through the rapid application of stresses where inertial effects dominate.
Generally, this involves strain rates between 10−1/s at the lower end, and up to 105/s and
higher at the upper end [55]. In the high strain rate regime, the application and duration
of stress is restricted to very short times, such that long distance atomic rearrangements
do not have time to occur. This makes the dynamic method an attractive means of form-
ing dense solids from powders with metastable or refined microstructures. The stresses
necessary for consolidation can be generated by a number of different experimental tech-
niques including (from low to high strain rates): standard mechanical testing, drop weight
tests, Hopkinson pressure bars, rod on anvil impact (Taylor) tests, flyer plate impact, and
explosive compaction. However, for true shock consolidation to occur, the velocity of the
particles moving behind the compaction front must be greater than the sound velocity in
the powder, effectively limiting this process to the higher velocity compaction techniques
(e.g. flyer plate impact and explosive compaction) even though sound velocities in powders
can be three orders of magnitude lower than those in solids [67].
3.3.1 Energy Considerations
One of the defining characteristics of dynamic consolidation which differentiates it from
quasi-static compaction is the amount of energy deposited and its distribution during con-
solidation. For a stress P1 applied quasi-statically, the stress-volume response of the pow-
der body follows along the continuous path shown by the curve above the shaded region in
Fig. 3.9(a). Hence, the energy deposited into the powder by loading to P1 and unloading to
zero stress is given by the shaded region in Fig. 3.9(a). Similar to the Hugoniot of the solid
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Figure 3.9: Schematic showing stress-volume relationships for (a) quasi-statically and (b)
dynamically applied loads. Shaded regions indicate energy deposited during loading to P1
and unloading(from Rosato [49]).
material (see Sect. 2.1), there also exists a porous Hugoniot which behaves in an analogous
manner, and is shown schematically by the curved line in Fig. 3.9(b). For a powder body
initially at volume V0 compressed to volume V greater than the solid volume V∞ by stress
P1, the energy deposited after unloading from the shocked state can be approximated by
the shaded region in Fig. 3.9(b). Comparison of the two shaded regions in Fig. 3.9 clearly
indicate that for a given applied stress, the energy deposited during shock consolidation is
greater than in quasi-static compaction. Consequently, how this energy is distributed and
dissipated in the porous body can greatly influence properties of the final compact.
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Figure 3.10: Energy dissipation mechanisms in the shock consolidation of powders(from
Meyers [68]).
The dissipation of energy during dynamic (shock) consolidation is highly heteroge-
neous. As the compaction wave proceeds through a powder body in its loosely associated
state, high amplitude stresses applied over a very short time period cause the rapid accel-
eration and deceleration of particles. As particles slide past and impact one another, the
shock energy is transferred through particle contacts, and, depending on the magnitude
of stress and the mechanical properties of the powder, can take many forms. Figure 3.10
shows some of the various forms of energy dissipation that can occur in a powder during
transformation to its fully consolidated state, each of which is described below.
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• Microkinetic energy is associated with the plastic flow occurring after complete pore
collapse [11] and is responsible for the markedly different particle morphologies ob-
served for quasi-static and dynamic compaction [60].
• Void collapse energy results in the rearrangement and plastic flow of particles during
the complete closure of interparticle voids.
• Friction energy is the heat associated with particle contacts as they slide past one
another during compaction.
• Melting energy, the energy resulting from localization of plastic flow near particle
surfaces which causes melting. Gourdin [69] and Schwarz [70] have defined models
to predict melting at particle surfaces based on this energy, and Williamson [71] has
shown the distribution of this energy and how it results in localized temperature rises
in simulated particle beds.
• Fracture energy is observed mainly in brittle materials, and has been shown by Thad-
hani et al. [72] to be particle size dependent in reactive mixtures of Ti-Si.
• Defect energy contributes to the formation and migration of point, line, and interfacial
defects during passage of the shock, and a review of common microstructural features
associated with dynamic deformation is given by Murr and Esquivel [73].
• Reaction bonding energy utilizes the exothermic heat release generated by reactive
powders to aid interfacial bonding in inert powder mixtures.
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3.3.2 Configurational Considerations
Producing not only fully dense, but also mechanically robust compacts by means of shock
consolidation requires careful control of both shock loading conditions as well as intrinsic
and extrinsic powder properties. In a study examining the shock consolidation of AISI 9310
steel with initial compaction stresses between 4-18 GPa, Kasiraj et al. [74] found that while
fully dense compacts could be produced at the low shock stresses, ultimate tensile strength
and diamond pyramid hardness of the compacts were found to increase, reach a maximum,
and then decrease with increasing shock stress, indicating varying levels of interparticle
bonding over the stress range investigated. In regard to extrinsic powder properties, particle
size and shape have been shown to greatly influence consolidation as well as interparticle
bonding.
According to Roman [75], it is not necessarily the amount of the energy expended in
shock compression, but rather the nature of its distribution that exerts a governing influence
on the formation of a compact. In a number of studies [27, 70, 75, 76], the effect of parti-
cle size on the distribution of shock energy has been investigated. Considering geometry
alone, as particle size decreases, the number of contact points increases, and the distribu-
tion of compaction energy in the powder compact becomes more uniform. Consequently, a
more uniform energy distribution results in a reduction in localized plastic flow, such that
compacts composed of smaller particles require greater total energy input to reach a given
density and level of interparticle bonding [75]. As particle size increases, so too does en-
ergy localization at contact points, and this can lead to increased temperatures and material
flow for larger particles [71] which can lead to melting and strong interparticle bonds.
An opposing viewpoint is offered by Rusnak [76]. In studying the compaction behavior
of fine and coarse copper powders, Rusnak [76] found that greater energies are required to
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consolidate coarser copper powders. However, in Rusnak’s work, energy is defined in terms
of the total kinetic energy of the incoming projectile, while in most other investigations
[27, 70, 75] energy is defined in terms of the total energy behind the shock front, given by
Eqn. 3. The disparity in energy definition, as well as the relatively low velocity (≈91m/s)
at which Rusnak’s experiments were performed may lead to his opposing viewpoint; it is
generally agreed upon that larger particles require less total energy to reach a given density
and level of interparticle bonding than smaller particles during dynamic consolidation due
to stresses being localized at fewer contact points.
The effects of particle shape on the consolidation behavior of powder mixtures has been
studied to a lesser extent. Using direct numerical simulation, Benson [77] has shown that
morphology does not significantly affect the bulk shock velocity - particle velocity relation-
ship in beds of idealized cylindrical and rectangular copper powders. However, his work
does show that micromechanical phenomena, like turbulent flow, is morphology depen-
dent. As shown in Fig. 3.11, a constant velocity (1 km/s) boundary condition is applied to
the upper boundary of the initial powder configuration and travels in the downward direc-
tion, which results in the deformed microstructures shown in Fig. 3.11. Also observed in
Fig. 3.11 is the preferential deformation experienced by the rectangular particles which is
not observed for the cylinders. This suggests that inhomogeneous distributions of interpar-
ticle bonds may be more readily observed as particle shape deviates from spherical.
Evidence supporting this suggestion is offered by Thadhani [78] who finds that irreg-
ularly shaped powder mixtures of Ti-Si promote plastic deformation and flow during con-
solidation. Examining the simulated response of experimental microstructures of spherical
Ni + spherical Al and flake Ni + spherical Al, Eakins and Thadhani [79] have shown con-
figurationally dependent variations in compressional response; results from this work are
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Figure 3.11: Two-dimensional simulated microstructures showing (top) initial conditions
of copper (a) cylinders at initial porosity of 19% and (b) rectangles at 16% initial porosity.
Deformed images (bottom) show microstructures following imposition of a shock wave
with particle velocity 1 km/s (from Benson [77]).
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Figure 3.12: Comparison of stress surfaces and stress profiles for 45% TMD (a) spherical
Ni+Al and (b) flake Ni + spherical Al at a particle velocity of 1 km/s (from Eakins [79]).
given in Fig. 3.12.
Notice the distinct difference in both the character and duration of the shock fronts
between the two mixtures. The mixture composed entirely of spherical particles shows a
very disperse shock front with a characteristic rise time of approximately 74 ns. In stark
contrast, the mixture containing flakes shows a very distinct shock front with a much shorter
rise time. The main factors governing variation in shock response are the size and location
of void space. The spherical mixture is comprised of large voids, on the order of the
particle diameter (tens of microns), which cause significant reflections and release waves
during consolidation. In the flake mixture, void space is located primarily between the Ni
flakes and is found to be no more than 600 nm thick, such that upon application of stress,
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void closure can occur rapidly, resulting in increased shock stability in flake mixtures even
at low densities.
Up to this point, basic ideas concerning particle packing and rearrangement as well as
some of the more fundamental aspects of quasi-static and dynamic compaction have been
introduced. In the next few sections, the focus shifts toward various methods of determining
the high stress equation of state for particulate materials.
3.4 Equations of State for Particulate Materials
Section 2.5.5 has shown how the incorporation of even the slightest amount of porosity
limits the predictive ability of the Hugoniot mixture models presented, see Fig. 2.5. In this
section, several different methods for explicitly incorporating distention (porosity) into an
equation of state are presented. This will be followed by a re-examination of the mixture
models and material system examined in Sect. 2.5.5, with the explicit incorporation of
porosity.
In addition to configurational considerations, one of the more distinct differences be-
tween distended and solid materials is the amount of energy dissipated at a given stress.
If, for a moment, the temperature/entropy term in the first law of thermodynamics is dis-
regarded, the change in internal energy for a system undergoing compression can be rep-
resented simply as dE = −σ dV , where here σ represents the mean hydrostatic stress
(pressure) applied. For a material with initial solid volume V0 and corresponding distended
volume V00, where V00 > V0, a greater amount of energy is dissipated for the distended ma-
terial at a given stress resulting from the larger dV term. The greater reduction in volume,
in conjunction with the finite amount of energy required to eliminate voids and surfaces in
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the distended material, results in a Hugoniot that is offset from that of the solid. An exam-
ple of this is shown in Fig. 3.13; note the size of the shaded areas which are representative
of the specific internal energies imparted into the solid and distended systems by passage of
a shock of similar magnitude σH. Also, at stress σH one can see that the distended material
is at a greater specific volume than that of the solid. For a solid and distended material to
reach the same volume, V , the stress in the distended material must be greater than in the
solid, as shown in Fig. 3.13. In this section several different formulations are presented for
incorporating porosity into a general equation of state, which could be for a single com-
ponent system or mixture. These formulations serve to extrapolate the distended Hugoniot
from that of the solid through either an isobaric or isochoric approach.
3.4.1 Isochoric Approach
A convenient method of predicting the Hugoniot response of particulate (porous or dis-
tended) materials is by using the Mie-Grüneisen equation of state to offset the solid Hugo-
niot curve by some increment of stress at a constant volume, i.e. along an isochoric path.
Again, σ represents the mean hydrostatic stress (pressure) applied to the system. If the
Hugoniot of the solid material is chosen as the reference state, the Mie-Grüneisen EOS
takes the form
σP = σH +
γ
V
(EP − EH) (64)
where the subscripts P and H denote values taken along the distended and solid Hugoniots.
Inherent in this formulation is that the Grüneisen coefficient γ does not change appreciably
from its value for solid materials with the additional energy (temperature) associated with
the consolidation of particulate materials. McQueen and co-workers [1] have shown this to
be the case as they found little variation in γ with temperature, such that Eq. 12 holds true
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Distended
Figure 3.13: Schematic of the porous and solid Hugoniot for a material, where the shaded




In choosing the Hugoniot of the solid as the reference state, one can completely describe
the stress and energy along this reference state (σH, EH) using Eqns. 1 - 3 and Eq. 4. If the
reference energy for the particulate material is set to zero, the internal energy imparted by
a shock of magnitude σP can be represented as
EP = (1/2)σP(V00 − V) (65)
Using these relations, the equation for stress as a function of volume in a porous material
can be written as [15]
σP =
[2V − γ(V0 − V)]C20(V0 − V)
[2V − γ(V00 − V)][V0 − S (V0 − V)]2
. (66)
In Eq. 66 it should be noted that γ = γ(V) where the ratio γ/V is assumed constant. Using
this relation, one can construct Hugoniots for different initial density configurations simply
by changing the parameter V00. It should be noted that this formulation assumes the porous
material has a crush strength of zero; that is, at any stress σ > 0 the volume changes from
its initial volume V00 to the initial volume of the solid V0. As initial density decreases,
the calculated distended Hugoniots shift further and further from the solid Hugoniot, and
at some critical distention, it begins to exhibit an anomalous behavior where increases in
stress result in decreases in density. This behavior occurs when the ratio of initial density







The anomalous behavior is shown schematically as the right most Hugoniot curve in









Figure 3.14: Predicted Hugoniots for Inconel 718 at different initial theoretical densities
(TD) (from Meyers [15]).
density. This anomalous behavior is thought to result from the increased role that thermal
stresses play during consolidation of highly distended and porous materials.
To examine the roles of the cold (isothermal) and thermal stresses during compaction,
Zeldovich and Raizer [81] developed a framework for an EOS that deals explicitly with
both the cold and thermal components. Similar to the previous case, this approach [81]
also operates under the constant volume approximation such that the Mie-Grüneisen EOS
may be used. Here the total internal energy in the porous or distended material is denoted by
Eq. 65 and is separated into cold and thermal components via Eq. 30. The constant volume
approximation is incorporated through the definition of thermal energy ET = σT/ρ γ, which
after appropriate substitution and rearrangement of ET and Eq. 30 into Eq. 65 results in a
Hugoniot for a distended material of the form [81]
σP(ρ, ρ00) =
2σC/γ − 2ρ EC
2/γ − ρ/ρ00 + 1
(68)
60
where the subscript C represents properties on the cold curve. This equation is general
in the sense that no specific relations for σC and EC are given. Simons and Legner [14]
propose a piecewise formulation for Eq. 68. At high stresses, they suppose thermal terms
dominate, such that the elastic (cold) components need only be accurate at low stresses.
Their simplified equation neglects higher order terms for the elastic energy and shows mod-
erate success in describing the Hugoniots of materials with initial densities as low as 42%
theoretical density. However, similar to the previous constant volume based approach this
model also assumes that the material’s crush strength is zero and does not describe well the
low stress data.
Extending this work, Petrie and Page [13] modified the Kawikata [64] equation (which
is used to represent the cold compaction curve at low stresses) to asymptotically approach




1 + ab[(K − σC)/K]σC
)
(69)
appropriately bridges the cold (low stress) and thermal (high stress) components into a
single continuous curve. The variables to be solved for in Eq. 69 are the initial density
and stiffness parameters ρ00 and b. Here K is the bulk modulus of the material and a is
assigned the value a = ρ00/ρS 0 where ρS 0 is the initial density of the solid material at zero
stress. Utilizing the work of Carroll and Holt [9] to describe the effective area on which
stresses act through the parameter α = V/VS , where VS is the volume of the solid, Petrie
and Page [13] modified Eq. 68 to account for the associated increase in stress applied to the
actual solid component:
σP(ρ, ρ00, α) =
2ασC/γ − 2ρ EC
2α/γ − ρ/ρ00 + 1
. (70)
By incorporating the idea of apparent density, they removed the anomalous behavior that
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Figure 3.15: Predicted Hugoniots for different initial densities of Iron using approach of
Petrie and Page (solid) and Simons and Legner (dotted) (from Petrie and Page [13]).
predicts a decrease in density with an increase in stress. This approach also is unique
with respect to the previous two model formulations in that it does not assume a zero
crush strength for the material; rather it accounts for the crush up to solid density through
the modified Kawikata equation. A schematic showing the anomalous Hugoniot response
predicted by Simons and Legner [14] and the non-anomalous behavior of Petrie and Page
[13] is shown for porous iron at different initial densities in Fig. 3.15.
3.4.2 Isobaric Approach
The isobaric approach differs from that previously presented in that it uses a constant (hy-
drostatic) stress approach to extrapolate the distended Hugoniot from that of the solid.
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(a) (b)
Figure 3.16: Distended Hugoniot prediction based on (a) isochoric and (b) isobaric ap-
proach in the σ-E plane (from Oh and Persson [82]).
In the previous approach γ was assumed to be a function of volume only such that Eq. 12
holds, and for materials with very different internal energies (e.g. solid and highly distended
materials) small uncertainties in the Grüneisen coefficient can lead to large discrepancies
in extrapolated distended Hugoniots. This concept is shown schematically in Fig. 3.16(a),
where the points A on the solid Hugoniot and B on the distended Hugoniot have the same
volume. As density decreases, the slope of the distended Hugoniot in the σ-E plane flat-
tens out, and even the slightest change in stress will result in substantial changes in internal
energy. From Eq. 9 the slope of A-B is γ/V , such that a slight reduction in γ from its actual
value can result in an extrapolation of A to point C, not B, an effect that is magnified as
porosity increases. In an effort to reduce the uncertainties associated with extrapolating
a distended Hugoniot at constant volume which relies on an accurate γ function, Oh and
63













where the subscripts P and H denote that derivatives are taken along the distended and
solid Hugoniots. Using this crude approximation, which requires the US -uP relationship
for the solid to be linear, the extrapolation of a point on the distended Hugoniot (point
3 in Fig. 3.16(b)) is determined through the angle tan−1[(V00 − V3)/2] which is far less
sensitive to uncertainties than γ/V . By specifying the state points on the solid and distended
Hugoniots such that
E1 = E3 (72)
P2 = P3 (73)
Eq. 71 results in
V3 − V2 ≈ V2 − V1 (74)
where the meaning of the subscripts are shown in Fig. 3.16(b). Using the jump equations
with the conditions σ1 and σ2 > σ0, E1 and E2 > E0, and E3 > E00, the following relations
for stress and energy at each state point are defined [82]
σ1 = C20(V0 − V1)/[V0 − S (V0 − V1)]
2 (75)













σ3(V00 − V3) . (79)
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Figure 3.17: Hugoniot predictions for distended copper at 25% and 33.7% theoretical
density, showing improvement of isobaric approach (solid lines) over isochoric approach
(dotted lines) (from Oh and Persson [82]).
Equations 72-79 serve as a system of eight equations with nine unknowns, which may
be solved simultaneously to determine the distended Hugoniot if one of the unknowns is
specified and the remaining eight are determined. The strength of the isobaric approach
is exemplified when describing the Hugoniots of highly distended materials, those whose
initial densities fall below the limit of anomalous behavior for the isochoric approach given
by Eq. 67. A comparison of the isochoric and isobaric predictions for distended copper
at 25% and 33.7% theoretical density is shown in Fig. 3.17, where the isobaric approach
clearly approximates the experimental data much better than the isochoric approach.
An alternative isobaric approach which extrapolates the distended Hugoniot from the
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zero Kelvin isotherm is offered by Wu and Jing [83]. In their approach, a point along the
distended Hugoniot (point A in Fig. 3.18) can be determined precisely if the σ-V rela-
tionship along the zero Kelvin isotherm is known. In a manner analogous to the isochoric
approach which relates stress and energy through γ at constant volume through the Mie-
Grüneisen EOS, the isobaric approach of Wu and Jing [83] relates volume and enthalpy
through the parameter R at constant (hydrostatic) stress through the relation
V − VC =
R
σ
(H − HC) (80)















In the foregoing equations the subscript C indicates values along the zero Kelvin isotherm,
H is enthalpy, γ is the Grüneisen coefficient, KS is the isentropic bulk modulus, and C is
the sound speed at density ρ. The model assumes specific heat at constant stress (pressure)
CP is constant, such that through application of the appropriate thermodynamic relations
one can derive the two rightmost definitions of R, the parameter relating two volume and
enthalpy states at constant stress.
Equation 80 is general in the sense that it can relate both the solid and distended Hugo-
niots to their respective zero Kelvin isotherms, and Wu and Jing [83] define an effective
R such that it describes both the solid and distended materials. Operating under the as-
sumption that specific internal energy for the distended and solid materials is the same, and
incorporating the elastic-plastic effect often observed during the compaction of distended
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Figure 3.18: Schematic illustrating that state point A along distended Hugoniot can be
determined along isobaric (C-A) and isochoric (B-A) path. (from Wu and Jing [83]).
materials the equation for the porous Hugoniot is found to be [83]
V ′H =
1 − (R/2)
1 − (R/2)[1 − (σ1/σ)]
VH+
(R/2)
1 − (R/2)[1 − (σ1/σ)]
(






(V ′C − VC)
)
(82)
where the prime denotes quantities for the distended material and terms with the subscript
′1′ are values taken at the Hugoniot elastic limit of the distended material. From Eq. 82 it is
shown that one needs σ-V relations for the solid Hugoniot as well as along the zero Kelvin
isotherms of the distended and solid materials. For many solids, an accurate representation
of the Hugoniot is given by
σH =
C20(V0 − V)
[V0 − S (V0 − V)]2
(83)
which was defined previously in Sect. 2.1. To define the zero Kelvin isotherm of the solid
VC, Wu and Jing [83] use the Born-Mayer potential [40]; however this relation may also
be determined using the methodology presented in Sect. 2.3. The distended cold curve is
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defined in terms of the solid cold curve through the distention parameter α as
V ′C = αC VC (84)
where αC is defined in the manner put forth by Carroll and Holt [10] which gives αC ≈ α0
for σ < σcrit, and αC ≈ 1/[1 − exp(−3σ/2Y)] for σ > σcrit, where α0 = V00/V0 and
σcrit = (2/3)Yln(α0/(α0 − 1)). Here σcrit is the critical stress at which plastic deformation
occurs, and is Y is the yield strength of the solid material. By defining distention through
αC, the model specifically incorporates the crush up response in the incomplete compaction
region observed in many distended materials at low stresses. At this point, all that is left to
define are specific relations for the Grüneisen coefficient and the isentropic bulk modulus.
Wu and Jing [83] define γ using the Dugdale-MacDonald [31] relation given in Eq. 11 for
the cold curve, which relates γ = f (VC) and inherently also yields a relation for γ = f (σ).














where σ is that given by Eq. 83. In defining γ and KS as such, both γ and KS are defined
from σ = 0 up to some finite value of stress. However, the volume increment over which
the corresponding stresses are determined differs for γ and KS in that γ : V0K → V and
KS : V0H → V where V0K < V0H. This can lead to anomalous behavior of the model at
low stresses, and care must be taken when applying this model in the extremely low stress
regime.
3.4.3 Comparison of Porous Equations of State
When determining which type of model is best suited to describe/predict different distended
material Hugoniots, one must examine the full range of initial and final conditions of the
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Figure 3.19: Porous EOS predictions for mass averaged, isothermal, and energy partition-
ing mixture routines compared with experimental data on Elkonite 10W3.
system to be modeled, as well as the assumptions under which each model is developed.
For materials with low initial distentions (below the limit given by Eq. 67), an isochoric
approach may be best suited; however in choosing an isochoric approach one must also
consider the stress range at which compaction is being modeled and whether or not material
strength effects need be to be taken into account. As initial distention (porosity) increases
the isobaric approach becomes more desirable, as shown in Fig. 3.17. Also of importance
is the stress range over which the model has been validated. Of the models presented, none
consider electronic contributions, and as such they should only be applied up to stresses at
which the electronic contributions to material response are small enough to be neglected
(up to several hundred GPa).
Returning to the example presented in Sect. 2.5, after distention is explicitly incorpo-
rated into the mixture models used to describe the Elkonite system the models more closely
predict experimental results as can be seen by comparing Fig. 3.19 with Fig. 2.5. As disten-
tion in the Elkonite system is low, the Mie-Grüneisen isochoric approach (Eq. 66) is chosen
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to incorporate porosity in the basic mass averaged and isothermal mixture Hugoniots, while
for the energy partitioning model, distention is incorporated through the parameter ϕ given
in Eq. 56. Similar to the non-distended predictions, after the inclusion of distention the
basic mass averaged EOS is again the furthest from predicting experimental results. This
results from the crude approximations under which the mixture model was developed, and
is not a result of the isochoric Mie-Grüneisen extrapolation. The energy partitioning and
isothermal predictions overlap at material velocities up to ≈ 400 m/s, at which point the
isothermal prediction continues to follow the experimental data closely while the energy
partitioning model diverges to slightly higher predicted shock velocities. Thus, for the
mixture models presented in Sect. 2.5.5, the isothermal mixture method of McQueen and
co-workers [1] seems to best replicate the experimental results.
Furthermore, the isochoric model used to incorporate porosity into the Elkonite system
did not account for any elastic-plastic behavior which may have occurred during consoli-
dation, and assumes the distended material fully densifies at any stress greater than zero.
These types of models work well for predicting the dynamic response of initially distended
materials at higher stresses, where full compaction has occurred. However, at lower stresses
where the material is still in the incomplete compaction regime, models which do not ex-
plicitly incorporate the crush-up response yield predictions that are far from experimentally
observed results.
In instances where the crush response is of interest, one would want to choose a model
for the distended EOS that explicitly incorporates this response, such as the isochoric ap-
proach put forth by Petrie and Page [13] or the isobaric approach of Wu and Jing [83].
Alternatively, one might want to examine the various compaction models used to explic-
itly describe the process of consolidation to full density. The next chapter focuses solely
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on these types of compaction models, which might be combined with an EOS that does
not specifically incorporate the crush-up response of a material to yield a complete σ-V
response at both low and high stresses.
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CHAPTER IV
COMPACTION MODELS AND THEIR COMPARISON
The compaction of powders to full density is a complex process in which it has been shown
that both intrinsic and extrinsic powder properties play a major role. For a model to com-
pletely describe the intricacies of compaction, it would have to contain an unreasonably
large number of fitting parameters, i.e. a parameter to describe shape effects, strength
effects, surface effects, etc., and application of this type of model would be extremely
cumbersome, even with the aid of modern computational procedures. As such, certain sim-
plifying assumptions about the compaction behavior are made when attempting to quantify
the compaction process into a model. Furthermore, application of any compaction model to
a material system outside of the scope under which its respective simplifying assumptions
are made can lead to poor fits between the models and experimental data [84].
Two quasi-static compaction models, one developed for ductile metal powders (P-
σY) [20] and the other for brittle ceramic powders (P-PAct) [58] are examined below. Next,
the slightly more complex phenomena of dynamic compaction is described, including the
popular P-α model [5], which treats powder particles and void space as a single homo-
geneous media, and the more recent P-λ model [12], which takes into account individual
constituent material properties. This chapter concludes by discussing similarities, differ-
ences, and limitations between the various compaction models. It should be noted that
all of these models were developed to describe the pressure-density or pressure-volume
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Figure 4.1: Initial configuration of particles after rearrangement has occurred (left), and
after the application of an applied stress (right), showing growth of the contact points/areas.
response of porous or distended materials. As such, the definition of stress in this chap-
ter refers to the mean hydrostatic stress applied to the distended materials. As a naming
convention, the variable ′P′ is used to define the mean hydrostatic stress is in these models.
4.1 The P-σY Model
The P-σY model, originally developed by Fischmeister and Artz [20], is a physically based
model that describes the compaction of powders during the latter two stages of compaction,
through contact point and bulk deformation mechanisms. The model attributes the grad-
ual increase in resistance to densification observed in powder mixtures to the following
phenomena: growth of contact areas between neighboring particles, creation and growth
of additional contact areas, and the increasing constraint under which particles deform as
densification proceeds. Assumptions in this model include, (a) the powder is composed of
monosized spheres at an initial random dense packing of ≈ 0.64%, and (b) initial deforma-
tion and densification occurs after the complete rearrangement of particles has occurred.
The full model is formulated into two sub models, and the first operates under the assump-
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tion that growth of contact points occurs independently and without influence from neigh-
boring contacts. The first sub model is termed the model of unconstrained deformation,
and a schematic showing the growth of contact points in this region is shown in Fig. 4.1.







Here, PS is the stress necessary to achieve compaction to a given relative density ρ, a(ρ) and
Z(ρ) are the average contact area and coordination of the particles, R is the particle radius,
and σY(ρ) is the yield strength of the contacts. The model of unconstrained deformation is
shown to work well for densities up to ≈ 90% theoretical maximum density (TMD); how-
ever, with further densification the impingement of neighboring particles causes geometric
constraints and the first submodel begins to break down. To account for this constraint,
Fischmeister and Artz propose the second submodel which operates under constrained de-
formation [20]






where k is a geometric constant approximated as 2. The complete densification relation
is expressed as a linear combination of the unconstrained and constrained models through
the relationship P = fS PS + fHPH, where fS and fH are the volume fractions of the ’soft’











At compactions below ≈ 90% theoretical, fH, and consequently the second term is approx-
imately zero and the compaction response is dominated by the unconstrained portion of the
model. As compaction proceeds, fH increases and the response becomes dominated by the
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second term, which allows for an asymptotic approach to full density. Functional values
for a(ρ)Z(ρ) have been assigned in [20] for monosized spheres.
Many particle mixtures are, however, not composed of monosized spherical powders,
and variations in particle size and shape can lead to changes in initial density and coordi-
nation. Therefore, Fischmeister and Artz [20] compared the results of their densification
relationship developed for monosized spheres with compaction data available in the litera-
ture for particles with different sizes and shapes. For different size particles they postulated
that an increase in coordination, Z(ρ), will be offset by a decrease in contact area, a(ρ), and
found that the product a(ρ)Z(ρ) for bronze particles with a size distribution between 100-
350 µm coincides well with similar data for particles with a very narrow size distribution.
Thus, for particles within this size range, they suggest that it is not simply the contact area
or the coordination that has a large influence on compaction, but rather it is the product of
the two which dictates the compaction response.
With regard to particle shape, Fischmeister and Artz [20] also found significant devia-
tions in compaction characteristics compared with the spherical model. Not surprisingly,
the more spherical a particle was, the more closely it correlated with model predictions.
Thus one can envision some measure of ’irregularity’ to account for the deviation of a par-
ticles shape from spherical which might be incorporated to better predict the compaction
behavior of irregular shaped particles. However, they also found that the effects of particle
shape diminish as stress increases.
A practical extension of this model has been developed by Meyers and co-workers [85],
which relies on the ability to calculate the force transmitted to the contact areas and the
total contact area as a function of relative density. From Fischmeister and Artz the force
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where P is the pressure, or stress, applied to the particles. As stress applied to the particles
is increased, the total contact area between particles increases such that the total average
contact area per particle is defined as [85]






Noting that the effective stress on each particle contact is Pe f f = f /AC, and using the
yielding criteria developed by Artz [59], Pe f f ≥ 2.97 σY , where σY is the yield (flow)
strength of the material, the equation for the external stress required to induce plastic flow







In this form, Eq. 91 can determine the stress necessary to reach a given density if the yield
strength of the powder material or mixture is known. Conversely, the yield strength of a
compact can be determined by fitting Eq. 91 to experimental stress-density data. The latter
formulation is of particular interest in the case when the stress-density relationship for a
powder body is only known over a limited (low stress) range. Using this method, after one
determines a value for the yield strength, extrapolations to higher densities can be made
and one can estimate the stress required for the powder to reach near full density.
4.2 The P-PAct Model
The previous model, based on contact point and bulk deformation [20], is suited well for
ductile metallic powders. However, the foundations of the P-σY model break down when
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one attempts to describe the consolidation of brittle particles. For these types of particles,
it is not contact point or bulk deformation which are the key mechanisms for compaction;
rather it is the successive fracture and rearrangement of particles which govern densifica-
tion. As such, the P-PAct model seeks to develop a theoretical framework under which to
describe the compaction of hard, brittle particles.
Originally proposed by Kenkre and co-workers [58], the P-PAct model uses stress acti-
vated and non-stress activated terms to describe the stress-density relationship in granular
ceramics. It takes advantage of the linear compaction regions in the stress-density plane
that are commonly observed in granular ceramics when density is plotted against the log-
arithm of compaction stress (see Fig. 4.2). The breakpoint in linearity is often associated
with the onset of particle fracture, and is assigned such in the development of this model.
At compaction stresses below the breakpoint, increases in stress are accompanied by mini-
mal increases in density. This is considered the non-stress activated region, and is thought
to describe the rearrangement of particles prior to the onset of fracture. In this region, the
number of voids filled follows a linear relationship up to some saturation stress, and then
becomes independent of pressure at values in excess of this saturation. The independence
of stress at values above saturation results from the cessation of particle rearrangement and
the inability of compacts to increase in density in the absence of some other process (de-
formation or fracture). For the non-stress activated regime, the process of filling voids is










where P and Pl are the applied stress and the saturation stress for rearrangement, respec-
tively.
To reach densities above those which can be obtained solely through rearrangement, the
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Figure 4.2: Semi-logarithmic compaction response of lead magnesium niobate-lead ti-
tanate (PMN-PT), spray dried alumina, and rutile showing two linear compaction regions
(from Kenkre [58]).
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model proposes that a stress activated process also occurs. In classical statistical mechanics,
rate activated processes are often of the Arrhenius type, where the system of interest ex-
changes energy/temperature with its surroundings and must overcome some characteristic
energy barrier to become activated. Mehta and Edwards [86] have extended the energy-
based approach to a volume-based approach for dealing with powder mixtures, where vol-
ume is considered the quantity exchanged between the system and its surroundings, not
energy. Within this framework, and through the first law of thermodynamics, pressure
(stress) and volume are considered conjugate variables [87] similar to energy and tempera-
ture in classical statistical mechanics. As such, the probability of overcoming some volume








where Pa is a single stress barrier. When P ≤ Pa, little variation in f is observed; however,
as P increases beyond Pa the probability of overcoming the volume barrier increases and
the filling of voids occurs. Physically, the filling of voids in the stress activated regime is
attributed to processes such as crushing, chipping, or fracture for ceramic powders. In real
powder systems, there may be many such stress activated barriers, and the number of voids
filled is proportional to the sum of the probabilities for each barrier.
It is presumed that both the stress activated and non-stress activated process occur si-




















In Eq. 94, ρ0 is the initial density at zero stress, ρ∞ is the theoretical density at infinite
stress, and c is the fraction of compaction as a result of rearrangement. The form of Eq. 94
assumes that a single stress barrier Pa and rearrangement saturation stress Pl exist, where
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experimentally, variations in particle configuration, mechanical properties, and stress dis-
tribution may actually cause the single stress barrier assumption to break down. As a result,
Kenkre and co-workers [58] examine the effect of various distribution functions for Pa on
the compaction behavior of granular ceramics. Fits of their experimental data with the
theory are shown in Fig. 4.3, where it can be seen that the theory agrees quite well with
experimental data.
4.3 The P-α Model
The P-α model originally proposed by Herrmann [5] was developed to describe the com-
paction behavior of ductile porous materials under dynamic (shock) loading. To adequately
describe the compaction process over such a wide range of stress, the model decomposes
the compaction process at lower stresses into separate elastic and plastic components. As-
sumptions in this model include, (a) shear strengths are neglected, and (b) specific inter-
nal energy for the porous and solid materials are assumed to be the same under identical
conditions of pressure and temperature. Neglecting shear strength of the powders lim-
its the model to describe only the irreversible process of compaction through the closure
of voids, which may not be entirely true, especially at low compaction stresses when in-
dividual powder strength properties may influence compaction behavior. The second as-
sumption neglects surface energy of the pores. This may be a fair assumption for larger
particles; however, as particle size enters the nano-regime, as has been shown by Dai and
co-workers [16], the surface energy indeed has a significant influence on the compaction
response.
The equation of state (EOS) of the porous material is derived from that of the solid
material through the distention parameter α, which is a measure of porosity through the
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Figure 4.3: Fit of experimental data to model prediction for single-barrier, biased-
Gaussian, and Weibull distributions in Pa for powder mixtures of (A) PMN-PT (B) rutile







where V and VS are the specific volume of the porous and solid material. The EOS for the
solid material can be defined generally as a function of specific volume (VS ) and specific
internal energy E as P = f (VS , E). Making use of Eq. 95, Carroll and Holt modified
Herrmann’s [5] original EOS for the porous material to account for stress averaging over
the particle contacts to yield [9]




where the same function f is implied for both the solid and porous materials. For closure,
the pore collapse relation must be defined as a function of pressure and energy; however,
since pressure and specific internal energy are related along the normal Hugoniot of a ma-
terial, α can be defined by the simplified relation α = g(P). In the elastic regime, α = ge(P)
is expected to have the following properties [5]
p = 0 α = αe dα/dp = α
′
e
0 < p < pe αe > α > 1 dα/dp < 0
p = pe α = 1 dα/dp = 0
where the meaning of these variables, as well as those that will be given to describe α in
the plastic regime, are shown in Fig. 4.4. In Fig. 4.4 the material is initially at a porosity
αe, which upon application of an applied stress will deform elastically until stress Pe is
reached, at which point all further deformation is plastic. One unique element of this
model is its ability to predict the reloading behavior of porous materials. If, for instance, a
material is subjected to a stress Pp which is above the elastic threshold stress Pe but below
the crush stress Ps and then unloaded to zero stress, the P-α model allows one to predict its
compaction response upon reapplication of stress. Initial reapplication of stress is elastic,
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Figure 4.4: General schematic depicting the predicted P-α compaction response (from
Herrmann [5]).
and will follow the elastic loading path (see arrows in Fig. 4.4) until the stress exceeds the
value Pp at which point it will follow along the plastic path until solid density is reached.
Specific relations describing the elastic response of porous media can be found in works by
Herrmann [5], Butcher and Karnes [6], and Carroll and Holt [10], and will not be discussed
further due to the relatively minor change in porosity that occurs in the elastic region for
powder bodies.
Of primary importance to the compaction of powders is the plastic response, for which
the compaction behavior α = gp(P) is thought to follow the relations [5]
p = pe α = αp dα/dp = α
′
p
pe < p < ps αp > α > 1 dα/dp < 0
p = ps α = 1 dα/dp = 0
Several different formulations for α = gp(P) have been proposed over the years, of which a
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few will now be examined. If rate effects are ignored and compaction is assumed to occur









Yln [α0/(α0 − 1)] (98)
and Y is the yield strength of the matrix material. Recall this was the formulation for α
used in the Wu-Jing [83] model. This formulation is convenient because it contains the
experimentally measurable, or alternatively, the fitting parameter Y . In this approximation,
the porosity α is assumed to remain at its initial value α0 until some critical stress Pcrit is
reached. This effectively neglects any compaction that may occur elastically, and prescribes
all observed compaction to be plastic. Notice this formulation does not explicitly contain
any of the variables defined in the original model by Herrmann [5]. Butcher and Karnes [6]
proposed a simplified representation of α through the quadratic equation:
α = α0 + α1 P + α2 P2 (99)
which, if appropriate values for α0, α1, and α2 are inserted into Eq. 99, results in the sim-









Equation 100 has been shown to describe the compaction behavior of ductile porous metals
quite well. However, deficiencies in this type of formulation have been shown to exist in
other types of material systems, specifically, dry sand and other ceramic powders. For these







has been suggested by Grady [88], and has been shown to agree quite well with experi-
mental data for dry sand [89]. In this formulation, n is simply a fitting parameter; however,
upon careful examination of this formulation with various material systems a correlation
of n with some type of strength parameter may be possible. The attractiveness of the P-α
formulation is due largely to the fact that (a) it can be easily implemented into computer
codes, (b) it requires minimal experimentally determined model parameters, and (c) it can
be used to predict the compression/recompression response with relative ease. It is impor-
tant to note at this that time all of the P-α formulations previously covered did not consider
any rate effects, which in many instances are central to the compaction phenomena. For an
in-depth review of rate dependent P-α model behavior, the reader is directed to works by
Carroll and Holt [10], Nesterenko [11], and Tong and Ravichandran [19].
4.4 The P-λ Model
A more recent compaction model that explicitly incorporates material properties of indi-
vidual constituents in heterogeneous mixtures is the P-λ model developed by Grady et
al. [12]. Similar in formulation to the P-α model, this model describes the compaction
process through a single internal state variable, λ. The model also neglects shear strengths
in the mixtures and examines only the general pressure-volume response; thus in develop-
ing the framework for this model the terms pressure and stress are used interchangeably to
define the mean hydrostatic stress applied to the mixture. The model is separated into three
distinct regions, the unequilibrated elastic response, the pressure equilibrated equation of
state response, and the transition region between the two.
When the magnitude of applied stress is low, deformation of the mixture is presumed
elastic, and Grady et al. [12] give two different additive models to define the elastic response
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of the mixture. The equations developed here are for a two component mixture where f1
and f2 are the volume fractions of each of the component, but can easily be extended to
mixtures with more than two components. The total volume strain and total pressure in
the mixture are defined by simple volume fraction additions of each component. Similarly,
each component has its own bulk moduli K1 and K2 such that one can define a mixture
modulus based on either an iso-pressure (Reuss) or iso-strain (Voight) response. The iso-
pressure bulk modulus, Kp, is a lower bound for the mixture modulus, and details of its
formulation can be found in Grady et al. [12] and will not be discussed further. The iso-
strain response provides an upper bound for the elastic response and is defined as
Kµ = f1K1 + f2K2 (102)
From this modulus, the pressure-volume response of the mixture in the unequilibrated
elastic region can be determined through an appropriate definition of strain (e.g. true
εT = ln(V/V0) or engineering εE = (∆ V/V0) assuming linear elasticity, P = Kµ ε.
At the other extreme is the equilibrium equation of state response, where individual
components are in a state of pressure equilibrium. Grady et al. [12] propose a simple
mass fraction additive equation of state for the mixture. However, alternative methods of
determining the equation of state for a solid mixture have been presented in Sect. 2.5 which
upon incorporation of porosity can be formulated into the equilibrium equation of state for
initially porous materials in the manner presented in Sect. 3.4. The exact formulation for
the equilibrium equation of state is not a central concern of this model; rather it is important
only that some formulation is chosen to represent the fully compacted pressure equilibrated
state.
The crux of this model comes in the description of the partially compacted state, where
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the material is assumed to exist in some combination of the unequilibrated elastic and pres-
sure equilibrated states. The amount of each state present is assigned through the variable
λ, which defines the mass fraction of material in the fully compacted state. Lambda varies
from 0 ≤ λ ≤ 1 such that when λ = 0 the material is entirely in the unequilibrated elastic
state and when λ = 1 it is in its pressure equilibrated state. The specific volume of the
mixture can thus be represented as
Vm(p) = λ Vh(p) + (1 − λ)Vx(p) (103)
where Vh(p) and Vx(p) are the specific volumes of the mixture in its pressure equilibrated
and unequilibrated elastic states, respectively. For λ, Grady et al. have chosen the func-
tional relationship [12]
λ = 1 − e−(pl/yl)
n
(104)
where pl is defined as a measure of the local stress difference resulting from varying compo-
nent compliance through pl = (1−Kp/Kµ)p, where p is the global pressure. The parameter
yl is a measure of the local yield strength which, when overcome, will initiate yielding and
compaction in the mixture, and n is defined as a measure of the homogeneity of compaction
which dictates the pressure interval over which compaction will occur. As developed, n is
the only parameter which can not be defined from individual component properties and
must be determined from properties of the mixture. Thus n can be thought of as a fitting
parameter to align experimental data to theoretical prediction. In a similar manner, yl can
also be used as a fitting parameter if a direct functional relationship is not applied.
Through Eqns. 103 and 104, the compressional response of a mixture can be obtained.
A graphical representation of this model is taken from [12] and reproduced as Fig. 4.5. Here
the unequilibrated elastic response (λ = 0) is given by the iso-strain (Eq. 102) response and
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Figure 4.5: Schematic showing the compressional response for a generic P-λ mixture
(from Grady et al. [12]).
the iso-pressure response is some chosen form of the pressure equilibrated equation of state
for the solid mixture. Figure 4.5 shows the general compression response for an initially
solid mixture, however, if one component in the mixture is air or some other entrapped gas,
as is the case for porous materials, the iso-strain response curve for λ = 0 is simply shifted
such that its origin is at the initial specific volume of the porous body (V00).
4.5 Comparison of Compaction Models
In the previous few sections four different compaction models for porous and powdered
systems were examined. The first two, the P-σY and the P-PAct models, were developed
explicitly to describe the quasi-static compaction behavior of very different powder types.
The P-σY model is based on contact point deformation mechanisms, which ascribes the
densification response to an applied load to occur through the growth of particle contact
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points and significant plastic deformation. This framework works well when describing
the compaction response of ductile powders; however, when particles undergo little defor-
mation prior to the onset of fracture as is the case in many ceramic powders, the physical
basis under which the P-σY model was built decreases. Thus one would expect that the
P-σY model might do a poor job of describing the compaction response of brittle powders.
Similarly, as the P-PAct model was developed explicitly for brittle powders where the main
mechanisms of densification are rearrangement and fracture, one would not expect this
model to describe well the compaction response of ductile powders.
To see how well these models operate in describing the compaction behavior for con-
figurations which are out of the framework under which the models were originally devel-
oped, the tungsten carbide (WC) and tantalum (Ta) powder systems are examined. Details
of the WC powder and quasi-static compaction method used to compact it can be found in
Vogler et al. [90] and will not be discussed further, with the exception that the powder WC-
SA5 (in [90]) was subjected to vibrations prior to compaction and that its morphology was
blocky. The Ta powder used for model comparison is that which was used in the current in-
vestigation, and a detailed description of the powder and its quasi-static loading conditions
can be found in the experimental portion of this document. At this time it should be noted
that for the Ta powder, no settling procedure has been used, and the powder morphology is
rounded/globular. The experimental stress-density results as well as the fit of these results
to the P-σY and P-PAct models for Ta and WC are shown in Fig. 4.6, where fits were made
using the nonlinear least squares method of the curve fitting toolbox in MATLAB [91].
The fitting parameters for Ta and WC thus obtained are given in Table 4.1, where χ2 is the
sum of the square of the errors between the experimentally measured and model predicted
values.
89
Ta(P-   ) WC(P-   )




Figure 4.6: Plots showing stress vs. relative density comparing experimental data to fits of
the P-σY model for (a) Ta and (b) WC, and fits of the P-PAct model for (c) Ta and (d) WC.
The experimental data is denoted by the thicker points and the fits are given by the thinner
dashed lines.
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Table 4.1: Fitting parameters for Ta and WC to the P-σY and P-PAct models.
Property Ta WC
ρ00 0.306 (%TMD) 0.545 (%TMD)
σY 746 (MPa) 913 (MPa)
χ2(P − σY) 2.57 x105 8.74 x105
C 0.526 0.669
Pa 309 (MPa) 1346 (MPa)
Pl 49 (MPa) 332 (MPa)
χ2(P − PAct) 5.70 x10−3 2.68 x10−2
Shown in Fig. 4.6(A) and (B) are the P-σY fits to Ta and WC quasi-static compression
data. Recalling the two assumptions in the P-σY model (particles are spherical and initial
relative density is 0.64) it is observed that relaxation of these assumptions does not seem
to have an overly deleterious effect for fitting the Ta powder. Conversely, the fit of the WC
powder is less accurate, even though the initial density for the WC powder is much closer
to the ideal model assumption. The better fit for Ta is attributed mainly to the underlying
physical process for which this model was developed, i.e. deformation by contact point
growth and coalescence. These mechanisms are more likely to occur in the ductile Ta
powder than in the brittle WC powder; Vogler et al. [90] found cracking in the post quasi-
statically compacted powders. They also observed that the overall size of the particles had
been reduced. Thus it seems that in using the P-σY model, restrictions on morphology
and initial density can be relaxed while still allowing for a good fit between model and
experimental results. However, accuracy of the model tends to decrease slightly for brittle
particles which undergo little plastic deformation during consolidation.
Figure 4.6 also shows fits of the P-PAct model with experimental compaction data for
Ta (C) and WC (D). This model, which is separated into stress activated and non-stress
activated components and was developed for granular ceramics, actually fits the Ta data
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better than the WC data. At first, this result may seem surprising as the WC is more of the
ideal system for which this model was developed. However, one of the key components
of this model is the rearrangement of particles at low stresses, dominated by the non-stress
activated component. As the WC has undergone vibratory processing to achieve higher
densities prior to compression, much of the rearrangement has already taken place. On
the other hand, no processing steps had been taken prior to compaction of the Ta powder,
and significant rearrangement occurs in this system. Thus, it is seen that though the P-PAct
was originally developed for granular ceramics, it does an adequate job of describing the
compaction behavior of ductile metallic powders as well. Furthermore, a primary compo-
nent of this model is the rearrangement of particles, and it has been shown that when this
phenomena does not occur in the powder under compression, the accuracy of predictions
are reduced.
In contrast to the quasi-static models previously discussed, the P-α and P-λ models are
not based on specific underlying physical phenomena like contact point deformation or rate
activated processes. These models simply describe the irreversible process of compaction
as a result of the application of an applied stress through their respective compaction pa-
rameters α and λ. As such, these models should serve to describe equally well distended
systems with a wide range of material properties and configurations, with strength prop-
erties of the system being incorporated through the parameters Y (Eq. 97, P-α) and yl
(Eq. 104, P-λ). The main difference in these models lies in their ability to treat heteroge-
neous systems. As developed, the P-α model treats distended materials as a homogeneous
continuous media, and has no means to incorporate individual material strength properties
associated with heterogeneous systems. Therefore, one might expect the P-λ model, which
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can explicitly incorporate individual material properties, to better predict the crush-up re-
sponse of heterogeneous distended systems. To explore this effect, the crush-up response
of two very different heterogeneous powder mixtures is examined.
The powder mixtures chosen are a nanoscale mixture of Ni-Al [92] and a micro scale
mixture of Ti-Si [72]. These two systems are examined because of the availabity of exper-
imental data in the crush-up region and because they represent two very different types of
heterogeneous systems. In addition to particle size differences, the Ni-Al system is com-
posed of relatively ductile fcc metals that have a nearly three fold difference in component
density and a large difference in yield properties [93, 94], while the Ti-Si system has large
variations in both density and soundspeed between constituents [72]. By examining these
two particular systems one can test the applicability of the P-α and P-λ model over a wide
range of initial configurations. The fits of these models with experimental data are shown
in Fig. 4.7 for Ni-Al and in Fig. 4.8 for Ti-Si, note the solid Hugoniot is approximated as
incompressible in this analysis.
Upon examining the Ni-Al P-α fit, it is evident that different formulations of α fit the
data with varying degrees of accuracy, with the quasi-static approximation put forth by
Carroll and Holt [10] being the least accurate. Both the standard relation for α (Eq. 100)
and the more recent formulation (Eq. 101) do a much better job of approximating the com-
paction response; with the prediction from Eq. 101 falling consistently below but within
the experimental error of all data points. A much better approximation is given by the P-λ
model, where experimental results lie much closer to the predicted curve. In addition, the
P-λ model does not require any information about the crush strength a-priori to yield a
prediction.






Figure 4.7: Crush-up response of nanoscale Ni-Al powder mixture showing P-α (top) and
P-λ fits to the data. Numerical values shown in the equations are determined from best fit







Figure 4.8: Crush-up response of micron sized Ti-Si powder mixture showing P-α (top)
and P-λ fits to the data. Numerical values shown in the equations are determined from
best fit of experimental data PS set to 1.5 GPa, Y is volume fraction averaged, and PE is
determined through Eq. 98.
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yielding the best fit overall and Eq. 101 yielding the best fit among the P-α predictions.
This suggests that the P-α model, while proven to predict experimental results for homo-
geneous materials systems composed only of a single material and voids quite well, tends
to decrease in accuracy as the system being modeled becomes more heterogeneous. Also,
both models seem to work equally well for either system, indicating that compaction can
be modeled with a moderate degree of accuracy with both models for systems spanning a
wide range of material properties.
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CHAPTER V
THERMITES AS ENERGETIC COMPONENTS
The materials investigated in this dissertation are in a class of materials collectively known
as thermites. As a subset of pyrotechnics, thermites consist of a fuel which combines with
oxygen through a combustion process to release heat, light, and smoke [95]. Traditionally,
the term thermite had been used to describe the reaction of aluminum with iron oxide;
however, this term has been expanded to represent any exothermic reaction involving a
metal reacting with a metal oxide to form a more stable oxide.
Thermites mixtures are a unique class of energetic materials that are very different from
traditional molecular based explosives, such as trinitrotoluene (TNT) and octogen (HMX).
In molecular explosives, chemical kinetics controlls the energy release rate and as a result
can yield extremely powerful explosions. While molecular explosives possess high energy
release rates, they are composed of nominally low density materials, resulting in low overall
energy densities [96]. Conversely, energy release rates in thermites are controlled by mass
transport mechanisms, which can result in lower energy release rates. However, densities in
thermite systems can be up to an order of magnitude greater than those in molecular based
explosives and result in substantially increased energy densities, which make thermites an
attractive class of materials for the transfer of both kinetic and chemical energy. One means
of utilizing both the kinetic and chemical energetic components of thermites is through
impact initiated reactions.
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5.1 Impact Initiated Reactions
The impact initiation of thermite mixtures is, at present, an open and developing field of
research. In comparison to initiation through conventional point sources, impact initia-
tion has been studied to a much lesser extent, and several fundamental issues still remain
unresolved for these systems. Of particular interest are the roles of particle morphology,
packing density, constituent strength, and crush behavior on the initiation conditions of
thermite mixtures. To date, very little time-resolved data exists on the crush-up and reac-
tive response of these powder mixtures, and evidence of reactions have relied largely on
the post-shock analysis of recovered specimens [24]. As interest in these types of energetic
systems is growing, it would be beneficial to determine the role of initial configuration and
crush behavior on the reaction initiation conditions. With little work published for thermite
mixtures, one can look to other material systems, such as metal-metal reactive systems, for
insight into initiation controlling mechanisms.
Generally, impact initiated reactions can be divided into two categories, shock-assisted
and shock-induced reactions. Shock-assisted reactions are those which occur on the time
scales of thermal equilibrium (several tens of microseconds), and are controlled by defect
enhanced solid state diffusional processes [97]. In contrast, shock-induced reactions oc-
cur on the time scales of pressure equilibrium (tens to hundreds of nanoseconds), and the
mechanisms which control these types of reactions are still being debated. To delineate be-
tween the two types of reactions in powder mixtures, time-resolved measurements capable
of measuring material response at the sub-micro second level are required. As such, much
of the early recovery work on metal-metal reactive systems such as Ni-Al [98], Nb-Si [99],
and Ti- and Ta-based carbide and boride systems [100] offers only postulations as to the
initiation mechanisms.
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With regard to particle morphology, Strutt and co-workers [98] examined two differ-
ent Ni-Al particle morphologies, flake-Ni + spherical-Al and spherical-Ni + spherical Al.
They found that reacted zones were only visible in the mixture composed of flake-Ni +
spherical-Al at the highest stresses, suggesting a morphology dependent initiation condi-
tion. Through examination and characterization of the post-shocked microstructures, it is
suggested that the increased interfacial area between the constituents is responsible for the
configurationally dependent reaction initiation. This claim is supported further by Eakins
and Thadhani [79], who combined time-resolved measurements with particle level simula-
tions of the shock front, and found that the presence of the flake-Ni leads to an increased
rate of flattening for the spherical Al particles, thus increasing the surface area between
reactive constituents.
To address the issue of particle size, Yu and co-workers examined stoichiometric mix-
tures of Nb + Si (NbSi2) at shock stresses of 20, 46, and 70 GPa. With stoichiometry and
initial density kept constant between experiments, analysis of recovered microstructures
revealed regions of fully, partially, and non-reacted material. Microstructures from fully
reacted regions, which illustrate the extent of reaction in mixtures with particle sizes of < 5
µm and 15-44 µm, are shown in Fig. 5.1. In this mixture it is supposed that solid Nb reacts
with liquid Si to form the product phase NbSi2. As such, the total amount of Nb-Si inter-
facial area influences the extent of reaction, where a more even distribution of reaction is
observed for the smaller particles (Fig. 5.1(a)). For the larger particles shown in Fig. 5.1(b),
the interior regions of Nb particles are shown to be unreacted, due to insufficient interaction
with the surrounding Si.
The effect of constituent density on reaction threshold conditions in systems of Ti-
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Figure 5.1: Fully reacted regions of Nb + Si mixtures for (a) fine (< 5µm) and (b) coarse
(15-44 µm) particle sizes following impact at 1.96 km/s. Micron bars shown indicate length
scales of (a) 5 µm and (b) 10 µm. Interior of Nb particles are observed in (b), surrounded
by reacted NbSi2.
and Ta-based carbide and boride systems was investigated by Joshi, Thadhani, and Gra-
ham [100]. In examining these systems, both large and small disparities in constituent
densities were examined. The density ratios of Ta/C and Ta/B are 7.36 and 7.11, and those
for Ti/C and Ti/B are 2.0 and 1.92. As such, it is hypothesized that if density were a con-
tributing factor to reaction initiation, one would observe similar reaction responses in the
Ta/C and Ta/B systems as well as in the Ti/C and Ti/B systems as their respective density
ratios are similar. This behavior is not observed, and the investigators concluded that den-
sity difference between constituents in these systems is not a significant factor in reaction
initiation. However, similar to the previous investigations on Ni-Al and Nb-Si, increased
area of contact and dynamic deformability (and fracture) are found to contribute to reaction
initiation and sustainability.
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The duration of the shock pressure pulse has also been shown by Thadhani and co-
workers [101] to affect reaction initiation in Ti-Si powder mixtures. In their work, spec-
imens with initial densities ranging from 43 to 66 % TMD were impacted at 0.35 km/s
and the recovered specimens were analyzed to determine if reaction had occurred. Copper
flyer plates of different thickness were used, such that a thicker flyer is inferred to result
in a longer pulse duration. The results of their work are shown in Fig. 5.2, and indictate
that both pulse duration and initial density are factors that influence the initiation of re-
action. At the lowest density, reaction is reported to occur for both short and long pulse
durations, and is attributed to the better mixing and flow between constituents resulting
from the increased amount of void collapse during compaction. As density increases, the
effect of pulse duration becomes evident as longer pulse durations are found to increase the
propensity for reaction for densities up to 61 % TMD. For the highest densities reaction is
not observed, regradless of the pulse duration, and may result from an insufficient amount
of particle movement and mixing during consolidation of the low porosity mixture.
From what has been discussed thus far, one can see that many different factors affect
the impact initiated reactivity in metal-metal powder mixtures. It has been shown that
surface area and initial mixture density are some of the more important parameters affecting
reaction initiation, while pulse duration is found to influence initiation to a moderate extent.
Furthermore, contrary to initial mixture density, the actual density of the constituents, or
rather the density difference between the constituents, is found to not have a strong effect on
initiation. With a lack of comparable studies performed on thermite systems, one can only
assume that some of the same principles and observations found for metal-metal reactive
systems also apply to thermite systems. There is still a considerable amount of work that
is needed to determine the mechanisms operating and conditions necessary to initiate and
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Figure 5.2: Reactivity plotted as a function of flyer thickness and initial density in stoi-
chiometric (5:3) powder mixtures of Ti + Si. Initiation of reaction is shown to depend on
both flyer thickness (pulse duration) and initial density.
propagate reactions in thermite powder mixtures.
One aspect of reactive powder mixtures that has yet to be explored, whether it be in
metal-metal mixtures or thermite powder mixtures, is the influence of the crush strength
on the initiation conditions. Recalling that the crush strength is the stress required for a
powder or porous material to reach full density, is it possible that there is some corollary
between this stress and the stress required for reaction initiation? To determine this, one
would need to determine both the crush strength and the reaction initiation stress for a
multitude of material systems, an endeavor that would be experimentally intensive. This
is due in part to the current lack of models capable of predicting the crush strength and
reaction thresholds in heterogeneous thermite powder mixtures. If there existed a means by
which either of these values could be accurately predicted, one could significantly reduce
the experimentation required to establish if such a connection exists. In an effort to develop




POWDER MIXTURES AND EXPERIMENTAL METHODS
The objective of this research is to determine how certain powder properties, both intrinsic
and extrinsic, affect the dynamic consolidation of powder mixtures, leading to mechanically
induced reaction. Of specific interest are highly heterogeneous thermite powder mixtures
of Ta + Fe2O3 and Ta + Bi2O3. Bulk compressional response of the two types of thermite
mixtures is obtained experimentally through a combination of uniaxial quasi-static com-
pression and parallel plate impact shock densification tests, where the consolidation to full
density is characterized using existing continuum level compaction models. In addition,
the equilibrium equation of state response is modeled using several of the methods out-
lined in Section 3.4, where significant deviations from the inert equilibrium response can
potentially be considered as evidence of a shock-induced reaction.
This chapter begins with a description of the powders investigated and their relevant
material properties. Ample data exists in the literature for both Ta and Fe2O3; however,
Bi2O3 is less well characterized and the appropriate material properties must be determined
from a series of experiments. A brief overview of these experiments, and the resulting
material data obtained for Bi2O3, in addition to the available literature data on Ta and
Fe2O3, will be presented. This is followed by an outline of the experimental methods used
to determine the compaction response of the mixtures, both quasi-static and dynamic. This
chapter is concluded by a description of the impedance matching technique used to fully




The powders used throughout this investigation are Ta (TA-101) and Fe2O3 (FE-601) pow-
ders, obtained from Atlantic Equipment Engineers (Bergenfield, NJ), and Bi2O3 (B-1067)
powders, obtained from CERAC Inc. (Milwaukee, WI). Particle size distributions for the
Ta and Fe2O3 powders are listed as 1-5 µm, and purities are given at the 99.8% and 99.9%
levels, respectively. The Bi2O3 powder is -325 mesh (≤44 µm) with a purity of 99.9%.
Microtrac particle analysis yielded a size distribution of 1-15 µm with an average particle
size of 6 µm for the Bi2O3 particles. SEM images of each of the three starting powders are
shown in Fig. 6.1.
Note the differences in morphology between the individual powders. The Ta particles
have smooth edges and appear globular in morphology, in stark contrast to both the Fe2O3
and Bi2O3 powders. The Fe2O3 powder, as shown in Fig. 6.1, appears very open and porous
with particle (aggregate) size on the order of tens of microns, where the Fe2O3 aggregates
are actually agglomerates of 1-5 µm sized particles. Conversely, the morphology of the
Bi2O3 particles is approximately equiaxed, with clearly resolved boundaries and surfaces.
Considering morphology alone, it is expected that the extrinsic differences (size, shape,
surface roughness, etc.) shown in Fig. 6.1 will result in significantly different mixing and
compaction characteristics. Furthermore, if the intrinsic properties of the powders vary as
well, as will be shown shortly, the mixing and compaction behavior of the mixtures are
expected to diverge even further. The next section describes the methodology and results
of the experimental work performed on Bi2O3 to ascertain the necessary material properties
for further analysis.
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Figure 6.1: SEM micrographs of (a) Ta, (b) Fe2O3, and (c) Bi2O3 starting powders.
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6.2 Characterization of Bismuth Oxide
To determine the properties of bulk Bi2O3, a series of experiments were performed on
dense pellets formed from the starting powder (shown in Fig. 6.1(c)). The powder was
hot pressed into dense compacts using a SATEC Systems, Inc. Uniframe TC-25 quasi-
static compression machine fitted with a clamshell heater capable of reaching 1600 ◦C. The
process of forming the pellets began by loading the powders into a 15.9 mm inner diameter
steel punch and die and applying a compressional load of 1325 lbf for approximately two
hours. During loading, the temperature was brought to 650 ◦C over the course of an hour
and held at temperature for the remainder of the loading. Furthermore, the die was fitted
with a thermocouple such that the temperature of the die could be continuously monitored.
Following completion of the loading and heating cycle, the clamshell furnace was opened
and allowed to cool to room temperature, at which point the dense pellet was retrieved and
sanded parallel to within 5 µm or less. An photograph of the testing apparatus showing
the test frame and clamshell furnace with a loaded die is shown in Fig. 6.2. A total of
eight pellets were produced using this method, with dimensions of the pellets measuring
15.9 mm in diameter and heights ranging between 1-1.2 mm. The density of each pellet
was determined from an average of four separate measurements of the Archimedes density
[102], and the average density of all pellets was found to be 9.202 ± 0.036 g/cm3, indicating
the pellet has reached solid density.
Hot pressing was undertaken at 650 ◦C because at this temperature plasticity and dif-
fusion are promoted. In addition, 650 ◦C is only slightly below the α-δ phase transition in
Bi2O3. At temperatures above 730 ◦C, Bi2O3 has been shown to transform from its room
temperature stable monoclinic phase (α-Bi2O3) to a high temperature superplastic cubic






Figure 6.2: Hot pressing apparatus showing (a) water cooled grips on the uniaxial test
frame, (b) clamshell furnace, and (c) die equipped with thermocouple.
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following hot pressing, x-ray diffraction patterns of the starting powders and dense pellets
were compared. The diffraction patterns and peak positions of ρ = 9.2 g/cm3 monoclinic
Bi2O3 (PDF: 04-003-2034) are shown in Fig. 6.3, which illustrate that the structure remains
α-Bi2O3 following hot-pressing.
To determine the bulk elastic properties, both longitudinal and shear soundspeed mea-
surements were made on five of the eight pellets. Waveforms were generated with an
Agilent 33250 A 80 MHz function/arbitrary waveform generator with characteristic center
frequencies of 5 MHz (longitudinal) and 2 MHz (shear). The signals were transmitted using
Ultran WC50-2 and SWC50-5 transducers. Both the reference and transmitted waveforms
were recorded on a Tektronix TDS 5034 B 350 MHz digitizing oscilloscope. To determine
transit times through the pellets, the original time signal was subjected to a Hilbert transfor-
mation [104], which yielded a signal envelope that was used to determine the arrival time
of the maximum frequency. A schematic showing the original time signal and its envelope
is given in Fig. 6.4. The MATLAB [91] code used to determine the maximum time from
the envelope signal is given in Appendix A.2. Time of travel between the connection lines
and transducers was accounted for by subtracting the measured time for the signal to travel
between the transducers with no sample between them.
Using the method outlined above, three separate measurements of longitudinal and
shear wavespeeds in each of the pellets were taken from which average soundspeeds were
determined. From these measurements, shear modulus µ and Lame’s constant λ can be di-
rectly measured, with knowledge of the pellet density. Using a method put forth by Cousins
et al. [105] which minimizes the error associated with determining the elastic properties of
a material with an unknown Poisson’s ratio, a Poisson’s ratio of 1/2
√
2 was assumed for
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Figure 6.3: X-Ray patterns for (a) as-received Bi2O3 powder and (b) hot-pressed pellet
over 2θ range 40-60. Peak lines shown (dotted lines) are for monoclinic Bi2O3, PDF: 04-
003-2034.
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Figure 6.4: Voltage-time signal and Hilbert transformed data in time domain.
Bi2O3. Using this value, the elastic properties of Bi2O3 were determined through conven-
tional elasticity analysis [106]. The results of these measurements, and their corresponding
elastic properties are given in Table 6.1.
In addition to elastic properties, the equilibrium equation of state response for pure
Bi2O3 is also needed for the current analysis. To accomplish this, a series of instrumented
parallel plate impact experiments were performed. In these experiments, the target was
composed of a Bi2O3 pellet mounted between a copper driver and a z-cut quartz backer
window, as shown in Fig. 6.5. To determine shock velocity in the sample, polyvinlyidene
fluoride (PVDF) gauges were sandwiched between two Teflon films and mounted on either
side of the Bi2O3 pellet, where the purpose of the Teflon films was to electrically insulate
the PVDF sensor. As the shock wave entered the gauge package, compression of the PVDF
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Table 6.1: Measured values for longitudinal (CL) and shear (CS ) soundspeeds, density (ρ),
Lame’s constant (λ), shear modulus (µ), Young’s modulus (E), and bulk modulus (K) for
Bi2O3.
Specimen CL CS ρ λ µ E K
(km/s) (km/s) (g/cm3) (GPa) (GPa) (GPa)
A 2.195 1.140 9.191 20.393 11.945 22.867 26.025
B 2.078 1.137 9.165 15.879 11.848 17.805 20.264
D 2.510 1.181 9.157 32.146 12.772 36.046 41.023
F 2.904 1.043 9.264 57.970 10.078 65.003 73.978
G 2.941 1.503 9.177 37.914 20.731 42.514 48.384
Average 2.526 1.201 9.191 32.860 13.475 36.847 41.935
occurred and a charge was produced. The charge produced was then converted into a volt-
age through a current viewing resistor (CVR) and recorded in an oscilloscope. By recording
the time between voltage signals, a measurement of the shock velocity in the sample under
compression was determined. It should be noted that the current signal produced by the
PVDF gauge can be converted into a measure of stress using a known calibration of current
vs. stress [107]. However, inconsistencies in determining values for the equilibrated stress
can lead to widely varying measures of stress. As such, the PVDF gauges were used strictly
for measuring shock velocity.
Parallel plate impact experiments were performed on the Bi2O3 pellets over the velocity
range 291-1000 m/s, with impact velocity (of the projectile) and shock velocity (in the
sample) measured directly. With these two measurements, impedance matching (Sect. 6.8)
was used to determine all other parameters of interest. Complete details of the gas-gun set-
up, experimental configuration, and analysis techniques for similar experiments are given
in greater detail in Sect. 6.7. The results from the parallel plate impact experiments are
given in Table 6.2. Note the experiment performed at VI = 291 m/s has been omitted due
to an anomalous behavior of the propagated current trace that was observed.
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Figure 6.5: Schematic of components for a parallel plate impact experiment of Bi2O3.
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Table 6.2: Parallel plate impact data for pure Bi2O3. Measured quantities are ρ00, VImp,
and US ; all other quantities are calculated using impedance matching. Letter in parenthesis
to the right of Shot() indicates sample corresponding to ultrasonic measurements.
Shot ρ00 VImp US uP σ V V/V0
(g/cm3) (km/s) (km/s) (km/s) (GPa) (cm3/g)
1015(A) 9.191 0.454 2.940 0.263 7.117 0.0991 0.914
1009 9.223 0.610 3.036 0.354 9.900 0.0958 0.884
1016(B) 9.165 0.828 3.194 0.480 14.06 0.0927 0.855
1010 9.217 1.000 3.319 0.577 17.66 0.0896 0.827
To determine the equation of state for Bi2O3, the US -uP data in Table 6.2 is fit to Eq. 4
which yields values for the bulk soundspeed and linear fitting parameter S . Fitting the data
set results in the dashed line shown Fig. 6.6 with C0 = 2.611 km/s and S = 1.277. Using
the C0 and S values so reported, Eq. 4 can be used to estimate values for the isothermal






















Utilization of Eq. 105 requires the σ-V relationship along an isotherm to be known,
which can be accomplished using the methodology given in Sect. 2.3. However, values for
the Grüneisen coefficient γ0, Debye theta θD, and zero-stress energy along the Hugoniot
E0H must first be determined. An approximation of the Grüneisen coefficient can be made
using Eq. 10 with published values for the linear thermal expansion coefficient α = 14
x10−6 /◦ C [110] and specific heat CV = 235.7 J/kg-◦ C [111], and the experimentally
determined volume (1/ρ) and isothermal compressibility (β =1/K). Here, K assumes the
value given in Table 6.1 such that the isothermal compressibility is taken to be equivalent
to the standard compressibility. Inserting the appropriate values into Eq. 10 results in a
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Figure 6.6: Plot showing fit of Eq. 4 using all the data points (solid line) and fit with lowest
point omitted (dashed line).
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value for the Grüneisen coefficient of γ0 = 0.812.
The Debye theta was determined using Eq. 23 with TM = 825 ◦C [103] and A = 464.96
g/mol, resulting in θD = 43 ◦C. The zero-stress Hugoniot energy was calculated through
Eq. 22, giving E0H = 14826 J/kg. Inserting the appropriate values into Eq. 105 the isother-
mal bulk modulus and its stress derivative, assuming σ, V , C0, and S are related through
Eq. 6, can now be determined. This procedure was carried out using the values of C0 and
S given in Fig. 6.6, resulting in K0 = 62.9, K′0 = 3.995 with an R
2 =1. Note the isothermal
bulk modulus determined from this method differs from the average bulk modulus obtained
from soundspeed measurements in Table 6.1 by approximately 20 %; however, it still falls
within the range of ultrasonic values. As this dissertation is largely concerned with material
response under shock loading conditions, the equilibrium equation of state given in Fig. 6.6
is used to describe the shock response of Bi2O3 throughout this work and all subsequently
derived quantities.
6.3 Powder Properties
As illustrated by the micrographs shown in Fig. 6.1, the extrinsic characteristics of the
powders vary significantly with notable differences in size, shape, and surface roughness
between the Ta, Fe2O3, and Bi2O3 powders. In addition, the intrinsic properties of the
powders are also markedly different. A list of the relevant physical properties of each of
the constituents is given in Table 6.3. Properties reported are for materials under standard
conditions (ρ0,T,σ) when available, with exceptions noted. All values for Fe2O3 from ref-
erence [112] were determined from soundspeed measurements on a bulk sample with a
slightly reduced density ρ0 = 5.254 g/cm3, or 99.6 % theoretical. Yield strengths reported
for Ta and Fe2O3 from references [113] and [114] were obtained from tests employing
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quasi-static loading conditions, where the Fe2O3 tests were carried out at 600 ◦C. The
elastic modulus, shear modulus, and poisson’s ratio for Ta taken from reference [115] are
averages determined from soundspeed measurements of a cold rolled specimen with mea-
surements taken both parallel and perpendicular to the rolling direction. In this instance,
Poisson’s ratio has been corrected for anisotropy. The elastic modulus Fe2O3 (238∗ GPa) is
calculated based on the relation G = E/2(1 + ν), using the G and ν values reported in the
table. The bulk modulus for Bi2O3 (62.73* GPa) is also calculated from the density and
zero stress soundspeed through C0 = (K/ρ)1/2. The origin of all other properties reported
for Bi2O3 have been detailed in Sect. 6.2.
Table 6.3: Material properties of Ta, Fe2O3, and Bi2O3. Values denoted with * symbol
indicate values are calculated using other parameters listed in the table.
Property Units Tantalum Fe2O3 Bi2O3
Density, ρ0 kg/m3 16660 [116] 5274 [112] 9202
Bulk Modulus, K GPa 194.1 [116] 206.6 [112] 62.73*
Shear Modulus, G GPa 71.5 [117] 91.0 [112] 13.5
Elastic Modulus, E GPa 184 [115] 238∗ 36.8
Yield Strength, σYS MPa 250 [113] 20 [114] -
Poisson’s Ratio, ν 0.29 [115] 0.308 [112] 1/2
√
2
Thermal Expansion, αV (10−6)/◦C 19.5 [117] 32.9 [112] 14.0 [110]
Specific Heat, CP kJ/kg-K 0.14 [117] 0.65 [112] 0.24 [111]
Melt Temperature, TM K 3293 [118] 1780 [119] 825 [103]
In addition to the elastic and physical properties given in Table 6.3, the equilibrium
equation of state response of the constituents is also of primary importance. As such,
the shock properties for these materials are given in Table 6.4 along with the references
from which they were obtained. The bulk soundspeed value for Fe2O3 (6.258* km/s) was
calculated from the bulk modulus given in Table 6.3 through the relation C0 = (K/ρ)1/2,
which is in close agreement with that reported by Marsh [29]. All values reported for
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Bi2O3 were derived in Sect. 6.2.
Table 6.4: .Shock properties of Ta, Fe2O3, and Bi2O3 used in this investigation. Value
denoted with * is calculated.
Material C0 S γ0
(km/s)
Ta 3.293 [120] 1.307 [120] 1.689 [32]
Fe2O3 6.258* 1.371 [29] 1.99 [112]
Bi2O3 2.611 1.227 0.812
6.4 The Ta + Fe2O3 and Ta + Bi2O3 Powder Mixtures
The properties given in Tables 6.3 and 6.4 clearly show a large degree of heterogeneity be-
tween the different constituents. As many of the equations of state and compaction models
covered previously are based on the consolidation of homogeneous materials, it is instruc-
tive to examine explicitly the differences in properties in both the Ta + Fe2O3 and Ta +
Bi2O3 systems, and contemplate how these heterogeneities might effect the compaction re-
sponse of the overall mixture. To get an idea of the degree of heterogeneity of each of these
powder mixtures, one must examine the differences (∆) in constituent material properties.
These differences for the Ta + Fe2O3 and Ta + Bi2O3 systems are given in Table 6.5.
Notable differences in constituent properties listed in Table 6.5 are those of density, the
various moduli, and bulk soundspeeds. Exacerbating the difference in density in the Ta +
Fe2O3 mixture is the inherent porosity in the sponge like Fe2O3 particles resulting from
agglomeration (Fig. 6.1(b)). Thus not only are the constituents themselves largely different
in density, but also the location of porosity in the mixture is likely to be concentrated in
and around the Fe2O3. Hence during compression, the removal of voids may be largely
dominated by the mechanistic response of Fe2O3 through the breakup and consolidation of
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Table 6.5: Differences in material properties for the Ta + Fe2O3 and Ta + Bi2O3 powder
mixtures. Value in parenthesis is difference as a percentage of the value for tantalum.
Property Units Ta + Fe2O3 Ta + Bi2O3
Density, ∆ρ0 kg/m3 11386 (68.3) 7458 (44.8)
Bulk Modulus, ∆K GPa 12.5 (6.4) 131.4 (67.7)
Shear Modulus, ∆G GPa 8.5 (27.3) 58 (81.1)
Elastic Modulus, ∆E GPa 54 (29.3) 147.2 (80.0)
Yield Strength, ∆σYS MPa 230 (92.0) -
Poisson, ∆ν 0.089 (6.2) 0.064 (22.0)
Thermal Expansion, ∆αV (10−6)/◦C 13.9 (68.7) 5.5 (28.2)
Specific Heat, ∆CP kJ/kg-K 0.51 (364.2) 0.10 (71.4)
Melt Temperature, ∆TM K 1513 (45.9) 2468 (74.9)
Bulk Soundspeed, ∆C0 km/s 2.965 (90.0) 0.682 (20.7)
Fitting Parameter, ∆S .064 (4.9) 0.08 (6.1)
Gruneisen, ∆γ0 .301 (17.8) 0.877 (51.9)
the Fe2O3 agglomerates.
In contrast to the large difference in density observed for the Ta + Fe2O3 mixture, the
differences in bulk and shear moduli are relatively minor, which may prove to homogenize
the compaction process. Unlike Ta + Fe2O3, the Ta + Bi2O3 mixture contains large varia-
tions in all reported moduli, with Bi2O3 being the more compliant component. As a result,
it could be postulated that a majority of the deformation during compaction will occur in
the Bi2O3 rather than the Ta.
Also of great importance to the shock propagation process in these highly heteroge-
neous powder mixtures is the speed at which the shock can propagate through each con-
stituent. If it is assumed that each powder particle behaves in a manner analogous to the
bulk, whose US -uP relationship can be described adequately by a linear equation of state
(Eq. 4), the speed at which the shock can travel through each particle is largely influenced
by the parameters C0 and S . Noticing that the value of S differs little between constituents
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for both mixtures, a postulation as to the heterogeneity in the shock front resulting from
differences in shock velocity can be made based on differences in their bulk soundspeeds,
∆ C0. As given in Table 6.5, the Ta + Fe2O3 mixture possesses the greatest difference in
bulk soundspeed, a difference of nearly 3 km/s, and as a result may yield a shock front that
is considerably more disperse than in the case of the Ta + Bi2O3 mixture.
Considering the differences in intrinsic properties listed in Table 6.5 and the extrinsic
properties shown in Fig. 6.1, it is hypothesized that the degree of heterogeneity during
compaction will be larger for the Ta + Fe2O3 mixture. As noted, the difference in hetero-
geneity between mixtures can manifest in different forms, including dispersion in the shock
front, localized regions of void collapse, and material specific deformation. While many
of these heterogeneities cannot be measured experimentally, the heterogeneous nature of
compaction can be ascertained through scatter in the experimental data and conformity, or
lack thereof, of the observed compaction behavior with homogeneous compaction models.
6.4.1 Energetic Considerations
The stoichiometric mixture of Ta + Fe2O3, which yields the highest heat of reaction of any
combination of the constituents, is given by
6Ta + 5Fe2O3 → 3Ta2O5 + 10Fe + ∆HR (106)
where ∆HR, the heat of reaction, is equal to -1.073 kJ/g of reactant, or -183.8 kJ/mol of
reactant. Due to the large variation in constituent density, the stoichiometric mixture is
approximately 30 % by volume tantalum and 70 % by volume Fe2O3. For solid state
mechanically-driven reactions, where extent of reaction depends largely on intimate contact
and mixing between constituents, the uneven volumetric distribution in the stoichiometric
mixture results in a reduction in the amount of surface contacts between the heterogeneous
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constituents. The lower overall amount of contact between the constituents has the potential
to result in incomplete shock-induced reaction. In order to maximize the surface contacts
between reactants, an equivolumetric mixture was considered. The equivolumetric reaction
is
3Ta + Fe2O3 → 0.6Ta2O5 + 1.8Ta + 2Fe + ∆HR (107)
where ∆HR is again the heat of reaction and is equal to -0.284 kJ/g of reactant, or -50
kJ/mol of reactant. By modifying the volumetric concentration to 50 % by volume Ta and
50 % by volume Fe2O3, the heat of reaction is reduced by nearly a factor of five. The
reduced ∆HR results from the excess tantalum in the mixture; however, its presence serves
to increase the contacts between the reactive constituents for possible enhancement of the
mechanically-driven (shock) initiated reaction.
In a similar fashion, the Ta + Bi2O3 powder system can also be combined stoichiomet-
ricly or equivolumetricly. The stoichiometric reaction corresponding to the highest overall
heat of reaction is
6Ta + 5Bi2O3 → 3Ta2O5 + 10Bi + ∆HR (108)
where ∆HR is equal to -298 kJ/mol, or -0.962 kJ/g of reactant. The equivolumetric reaction
is:
33Ta + 7Bi2O3 → 4Ta2O5 + 14Bi + 25Ta + ∆HR (109)
where ∆HR is equal to -104.7 kJ/mol, or -0.454 kJ/g of reactant. Similar to the previous
system, the stoichiometric mixture of Ta + Bi2O3 is dominated by the oxide component on
a volumetric basis, and by modifying the stoichiometry to the equivolumetric configuration
the heat of reaction is lowered by nearly a factor of three. In the present investigation,
only the equivolumetric mixtures of Ta + Fe2O3 and Ta + Bi2O3 are studied. It is also
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noteworthy that the overall energy density in the Ta + Bi2O3 mixture is almost twice that
of the Ta + Fe2O3 mixture.
6.5 Mixture Preparation
Equivolumetric powder mixtures of both thermite systems were prepared through a se-
quence of steps, beginning with determining the appropriate mass fraction of each compo-
nent necessary to yield equal volumes of the constituents. Once this was determined, and
the appropriate mass of each powder was weighed, the powders were vacuum degassed at
110 ◦C for 24 hours to remove any entrapped moisture. The powders were then transferred
to an inert atmosphere where they were allowed to settle for 24 hours. Following that, the
powders were combined and sealed in a PMMA bottle with a single 1/4 inch diameter ce-
ramic ball. The sealed PMMA bottle was then transferred to a V-blender where the powders
were mixed for 8 hours. The ceramic ball was added to aid in the breakup of agglomer-
ates that might form during mixing. Furthermore, the PMMA bottle was surrounded with
conducting tape and grounded to the V-blender to minimize electrostatic buildup during
mixing. SEM images showing the loose powders of both mixtures are given in Fig. 6.7.
Note that as illustrated in Fig. 6.7(a) Ta is barely visible in the Ta + Fe2O3 mixture.
It is believed that the porous Fe2O3 particles have nearly completely surrounded the Ta,
forming large agglomerates. This is in distinct contrast to the Ta + Bi2O3 mixture where
discrete particles of both Ta and Bi2O3 are easily observed. Also observed in the Ta +
Bi2O3 mixture is the apparent tendency of the Ta particles to clump together, as shown in
Fig. 6.7(b). From Fig. 6.7 one can formulate a few hypotheses about the consolidation
behavior of these mixtures. Specifically, for the Ta + Fe2O3 mixture, compaction may be
largely dominated by the crush up behavior of the Fe2O3, as it is the Fe2O3 that is likely
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Figure 6.7: SEM images showing equivolumetric mixtures of (a) Ta + Fe2O3 and (b) Ta +
Bi2O3.
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to form the network of stress bridging material. In addition, it is anticipated that porosity
is going to be largely located within the agglomerates of Fe2O3, and the removal of which
will require deformation and crush up of the Fe2O3 particles. Conversely, in the Ta + Bi2O3
mixture, it is expected that tantalum will form the network of stress bridging material as
these are the particles that are smaller and more numerous. As such, a large percentage of
the void space in this mixture will likely be contained within localized regions of Ta, which
may result in the deformation behavior of Ta dominating the compaction response of the
mixture.
Having introduced the materials and mixtures, the remainder of this chapter focuses on
the experimental methodology used to obtain information on the crush up and equation of
state response of the Ta + Fe2O3 and Ta + Bi2O3 powder mixtures. Specifically, the method
of quasi-static compaction is covered, highlighting the hardware used and compliance con-
siderations. Following that, an outline of the parallel plate impact experiments, detailing
target fabrication and data collection, is given. The remainder of the chapter focuses on the
impedance matching method employed for obtaining the shocked state in the mixtures, and
its associated error analysis.
6.6 Quasi-Static Compression Technique
Of primary importance to any porous material is the ability to characterize the system in
terms of its ’crush strength’, which is the stress at which the porous body consolidates to
full density. In an effort to determine the crush strength as well as the characteristic shape
of the compaction curve for the Ta + Fe2O3 and Ta + Bi2O3 material systems investigated,
these systems were tested under quasi-static and dynamic loading conditions.
Quasi-static compaction of the mixtures was carried out on a SATEC Systems, Inc.
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Unidrive TC-110 test frame, equipped with a load cell capable of measuring loads up to
445,000 N. The load-displacement data was recorded using MTS TestStar II hardware/soft-
ware. The test frame was configured for single-action uniaxial displacement (see Sect. 3.2)
such that displacement occurs from only one direction. As such, a single-action punch and
die setup was used to determine the quasi-static σ-ρ relationship for the individual pow-
ders as well as the powder mixtures. A schematic showing the single-action punch and
die setup, which was fabricated from an M2 tool steel and supplied by Porter Precision
Products, Inc. (Alpharetta, GA), is shown in Fig. 6.8.
The die was filled such that the tap density results in a powder height of no more than
3-4 mm, so as to minimize die wall effects associated with variations in stress and density
during compression. Following insertion of the punch into the filled die, the powder was
loaded to between 45-90 N to bring the punch in direct contact with the powder. The
apparatus was then unloaded and a measurement of the initial powder-loaded die height was
recorded. With the unfilled punch and die height known a priori, the reduction in powder
height as a function of load can be determined using the load-displacement data recorded
from the MTS TestStar II software. In this analysis, the inner diameter of the die wall is
assumed to remain rigid such that the load applied to the powder can be converted directly
to an applied stress using the initial diameter of the die. From this, the instantaneous
volume at load can be determined from measurements of displacement relative to the initial
powder height. Compliance of the machine and the punch/die in the direction of the applied
compression was accounted for by measuring the force and resulting displacement of an










Figure 6.8: Schematic showing punch and die setup for quasi-static compression experi-
ments. All dimensions are in mm.
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6.7 Parallel Plate Impact Experiments
In contrast to the quasi-static compression process which yields stress-density information
along a continuous loading path, the parallel plate impact experiment used to characterize
the dynamic compressional response of the powder mixtures yields only a single data point.
In the parallel plate impact experiments, compression occurs in a state of one dimensional
strain such that the conservation equations of mass, momentum, and energy can be applied
to obtain a complete description of the powder under dynamic loading using the impedance
matching technique. The impedance matching technique, which is covered in greater detail
in Sect. 6.8, requires the measurement of two quantities, the velocity of the projectile when
it impacts the target (impact velocity), and the shock velocity in the powder.
6.7.1 Polyvinlyidene Fluoride Stress Guages
Shock velocity in the powder is measured using a pair of piezoelectric polyvinlyidene flu-
oride (PVDF) gauges developed by Piezotech S.A.S. (Hesingue, France), which, similar
to conventional piezoelectric materials, produce an electrical charge when subjected to a
mechanical stress. The active gauge area of 3 mm by 3 mm is biaxially stretched, poled by
the patented ISL-Bauer process, and sputtered with gold over the platinum electrodes. Fig-
ure 6.9 shows the PVDF gauge electrodes as well an enlarged view of the active gauge area.
The gauge thickness is nominally 25 µm. As a mechanical stress is applied to the gauge,
a charge is produced in the active gauge area and is conducted through the electrodes to a
current viewing resistor (CVR) which converts the current to a voltage.
With the active gauge area known, a charge density is determined which can, if de-
sired, be converted into a measure of stress. These particular gauges were chosen because
they provide nanosecond response times to applied loads. In the current work, only the
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Figure 6.9: Polyvinlyidene fluoride (PVDF) gauge showing size of entire gauge and active
area 3x3 mm.
charge/current output of the gauges were used to measure the arrival times of the com-
paction waves.
6.7.2 Target assembly
6.7.2.1 Ta + Fe2O3 Compaction Fixture
Measuring the shock velocity in the powder requires the target fixtures to be instrumented
with two PVDF gauges, one on either side of the powder. For the Ta + Fe2O3 mixture,
the target fixtures were composed of a solid copper driver plate with dimensions thick-
ness T=6.35 mm, diameter D=57.15 mm, and a hollow copper ring into which the powder
was pressed. The ring had dimensions T=17.65 mm and outer and inner diameters of
O.D.=57.15 mm and I.D.=50.8 mm. In addition, a fused silica (FS) backer with dimen-
sions T=12.75 mm, D=50.8mm was attached to the rear surface of the powder to restrict
powder movement during loading and facilitate placement of the second gauge. With this
configuration, gauges were mounted on the rear of the copper driver and the front of the
FS backer, to effectively measure the arrival time of the compaction (shock) wave front
on both surfaces of the powder mixture. Images of an unfilled PVDF target fixture and a
completed target assembly are shown in Fig. 6.10.
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Figure 6.10: Unfilled PVDF target (left) and rear surface view of filled PVDF target
mounted inside target assembly. Current viewing resistors (CVRs) are shown attached
to the gauges and mounted to the target.
The PVDF gauges were affixed to the Cu driver and FS backer with a series of low
viscosity epoxy and Teflon® thin films. The epoxy used to assemble the gauge package was
a low viscosity Loc-Tite®Hysol resin RE2038 and hardener HD3475 mixed 4:1 by mass
resin to hardener. Following mixing, the epoxy was vacuum degassed for approximately
10 minutes to remove entrapped gas. To assemble the gauge packages, a small amount of
epoxy was placed on the surfaces of the driver and backer and covered with a 25 µm thick
Teflon® film. After the epoxy was spread evenly over the surfaces, the epoxy was allowed
to dry for 24 hours under a load of approximately 10 kilograms. Next, the PVDF gauge
was placed on top of the first film, and an additional Teflon® film was epoxied on top on
top of the gauge. Following attachment of the second film, an 150 angstrom thick layer of
aluminum was vapor deposited onto the exposed film (as shown in Fig. 6.10), completing
the gauge package. Measurements of the bare driver/backer, the driver/backer + epoxy
+ 1 film, and the driver/backer + epoxy + gauge + 2 films ware made to determine the
location of the active gauge surface within the gauge package. The total gauge package
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thickness was nominally 75 µm, and when determining the shock velocity in the powder,
the transit time through the gauge package was subtracted from the total measured transit
time between the gauge locations.
With the gauge packages mounted, the Cu surrounding ring was attached to the driver
(as shown in Fig. 6.10), and a known mass of Ta + Fe2O3 powder was pressed to a height
of 2 mm at a density of approximately 49 % theoretical mass density (TMD). Subsequent
to loading the powder to its preshot density, ρ00, the FS backer was pressed into the ring
such that the gauge package on the FS surface was in direct contact with the rear surface
of the powder mixture. The FS backer was then held under a 10 kg load and epoxied into
place using five minute Hardman® 8173 two-part epoxy. With the FS backer in place,
the fixture was mounted into an acrylic target plate. The target and target plate were then
lapped flat such that the driver impact surface and the target plate were flush. A current
viewing resistor (CVR), from T & M Research Products (Albuquerque, NM), was then
soldered to each of the gauges which served to convert the current produced by the gauges
into a voltage and could be monitored by an oscilloscope. The assembled target fixture
showing the location of the completed Cu target and mounted CVRs is shown in Fig. 6.10.
6.7.2.2 Ta + Bi2O3 Compaction Fixture
For the Ta + Bi2O3 experiments, the driver was also composed of copper, but had dimen-
sions T=6.35 mm and D=70.0 mm, where the diameter is increased to accommodate the
two powder rings. In this configuration, two steel rings (T=10 mm, I.D.=27 mm, O.D.=33
mm) were attached to the driver, into which the powder was pressed and two different sets
of instrumentation were attached. One ring employed PVDF gauges in the same fashion as
those used to measure the shock velocity in the Ta + Fe3O3 mixtures, while the other was
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Figure 6.11: Target assembly used in Ta + Bi2O3 parallel plate compaction experiments.
The image on the left shows all components in the unassembled condition with a razor
blade shown for perspective, while image on the right shows target assembly loaded with
powders and assembled, prior to insertion into acrylic target ring.
equipped for obtaining a measurement of the material velocity using velocity interferom-
etry. Images of the dual ring compaction fixture in both the unassembled and assembled
condition are shown in Fig. 6.11.
Also shown in Fig. 6.11 are the backer windows used in these experiments, both of
which were z-cut quartz. This particular material was chosen for the backer because its
deformation remains elastic over much of the stress range investigated [121]. The window
equipped with the PVDF gauge had dimensions T=5 mm, D=24 mm which, when attached,
contained the powder completely. A smaller window (T=3.0 mm, D=12.7 mm) was used
to obtain velocity interferometry measurements. To create a surface onto which the in-
terferometry measurements could be obtained, one side of the window was lightly bead
blasted and coated in evaporated aluminum with a nominal thickness of a few hundred
angstroms. The purpose of the bead blast was to yield a diffuse aluminum coating. Due to
the smaller diameter of the window, a PMMA ring was machined which fit securely around
the window with an O.D.=24 mm to secure the powder in place, as shown in Fig. 6.11.
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The two windows were held securely against the rear surface of the powder by the PMMA
plugs shown in Fig. 6.11. The completed assembly was then inserted into a larger acrylic
plate, similar to that shown in Fig. 6.10, onto which CVR’s and interferometry probes were
attached prior to performing the experiment.
With the exception of shot SAND-140, all parallel plate impact experiments for the Ta
+ Bi2O3 system were performed in the manner outlined above. For shot SAND-140, the
experiment was performed on a similar gas-gun at the DICE facility at Sandia National
Laboratories. In contrast to the previous experiments, where the transit time through the
powders was measured by a series of PVDF gauges, the transit time in SAND-140 was
measured using laser interferometry. In this configuration, the two powder capsules were
filled to different measured heights, and the difference in arrival times of the stress pulse at
the buffer/window interface was used to calculate the transit time throught the powder. This
measurement, in conjunction with the known difference in height of the powder thickness
allowed for the shock velocity in the specimen to be calculated.
6.7.3 Performing the Measurements
Experiments were performed on the 80 mm bore diameter single-stage light gas-gun at the
Georgia Institute of Technology (Atlanta,GA). A schematic of the gas-gun setup is shown
in Fig. 6.12. In this configuration, an aluminum projectile with a copper or W-6Ni-4Cu
flyer plate at initial location (B) was accelerated down the barrel of the gun (C) using
compressed helium as the driving gas (A). The target assembly was attached to a set of
parallel stand-off blocks directly on the muzzle face, and impact between the target and the
projectile occurred in the experiment tank (D). Following impact, the target assembly and
projectile were brought to rest in the soft-catch recovery tank (E).
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Figure 6.12: The 80 mm gas-gun at Georgia Tech, where numbers in the figure give
approximate dimensions, in meters. Shown schematically are the (A) high pressure gas
chamber, (B) initial location of the projectile, (C) barrel, (D) experiment chamber, and (E)
soft-catch recovery tank (from [122]).
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As the projectile and flyer plate exit the barrel, they immediately strike a series of
pins whose distances relative to one another have been previously measured. Upon striking
these pins, an electrical signal is sent to an oscilloscope which records the time at which the
shorting of each pin occurs. Using the time between successive shortings and the known
distance between each pin, the incoming projectile velocity was measured. Recall this
quantity is one of the required measurements used in the impedance matching technique to
determine the shocked state in the powder.
Immediately prior to the impact of the flyer plate with the target driver, a second series
of shorting pins were activated which triggered a second series of oscilloscopes to measure
the PVDF gauge and velocity interferometry responses. When impact of the projectile and
the target occurs, a compressive stress wave travels through the driver and into the gauge
packages and powder. The voltage signals from both the PVDF gauges and the velocity
interferometry system were recorded on TDS 784 A digitizing oscilloscopes. For the PVDF
gauge setup, both signals were recorded on the same oscilloscope. Similar cable lengths
for each gauge allowed for a direct measurement of the time of flight between the active
areas of the input and propagated gauge packages (inclusive of the powder thickness). The
time of flight so measured is used to calculate shock velocity in the powder. A schematic
showing approximate locations of the projectile, target fixture, and shorting pins prior to
impact is given in Fig. 6.13 for the Ta + Fe2O3 experiments.
The impact experiment for the Ta + Bi2O3 mixtures looks nearly identical to that shown
in Fig. 6.13, with the exception that instead of having only one ring filled with powder there
are two rings, with one ring used to measure the shock velocity and the other to measure
the material velocity in the powder. Unfortunately, due to internal inconsistencies in the
velocity interferometer setup, material velocity measurements in these experiments were
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Driver
Figure 6.13: Schematic showing location of powder and gauge packages in a typical PVDF
instrumented fixture as it is loaded experimentally for a dynamic compaction experiment.
not considered reliable and were not used in this analysis. In both sets of experiments
impact was assumed planar and no direct measurements of tilt were made. In a separate
series of experiments performed explicitly to characterize tilt in the system, the average tilt
was measured to be < 2 mrad, which can result in deviations in measured shock velocities
at the sub-nanosecond level.
6.8 Impedance Matching - Interpreting Measured Quantities
As instrumented, the parallel plate impact experiment measures two quantities directly;
the impact velocity of the projectile (VI), and the time of propagation of the compaction
wave through the powder thickness, from which one determines the shock velocity (US ).
From measurements of only VI and US , the impedance matching technique is used to fully
determine the equilibrium shocked state in the powder. This technique assumes, through
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the conservation equations of mass, momentum, and energy, that the stress and material
velocity at the interface between the flyer and driver and driver and powder are continuous.
Imposing these continuity constraints along the flyer/driver and driver/powder interfaces
results in a convenient means of determining the shock state of an unknown material, pro-
vided the Hugoniots of both the flyer and driver materials are known. It should be noted
that the experimental configuration is designed such that the diameter to thickness ratio of
the powder mixture is large, thus ensuring one-dimensional wave propagation throughout
the powder thickness, justifying use of this technique.
In this investigation, the driver and flyer materials for all experiments were composed
of OHFC copper, with the exception of two experiments where the flyer was a W-6Ni-4Cu
alloy obtained from Mi-Tech Metals, Inc (Indianapolis, IN). For the impedance matching
technique to yield accurate results, one must know the equations of state of the flyer and
driver materials with some degree of accuracy. To this end, the shock properties (ρ,C0,S )
of the flyers and drivers are obtained from references [3,29,120,123,124], where only data
with material velocities less than 2 km/s are taken into account. For the Cu data taken from
[29], every fifth data point is considered. Unfortunately, Hugoniot data for the W-6Ni-4Cu
alloy is not readily available in the literature, and its shock properties must be determined
using an isothermal mixture routine [125] similar to that presented in Sect. 2.5.2. The Cu
and W-6Ni-4Cu alloy material parameters used for impedance matching calculations are
given in Table 6.6, where the methodology used to obtain the parameters C0 and S , with
associated error bounds, is presented in Sect. 6.9
For a flyer impacting directly onto a driver, where Hugoniots of both materials are
known, the continuity of stress and material velocity at the interface between the two is
used to compute the shocked state at the flyer/driver interface in the method outlined below.
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Table 6.6: Cu and W-6Ni-4Cu alloy shock parameters used in impedance matching calcu-
lations
Material ρ C0 S
(g/m3) (km/s)
Cu 8.925 3.905 ± 0.0316 1.512 ± 0.0299
W-6Ni-4Cu 17.194 3.874 ± 0.0304 1.50 ± 0.0364
In the following equations, the subscripts ′FL′ and ′DR′ indicate properties of the flyer and
driver materials, respectively. At the flyer/driver interface stress and material velocity are
constant such that
σFL = σDR and uP,FL = uP,DR = uP,1. (110)
where the subscript ′1′ in uP,1 indicates the material velocity is at the first interface. Using
the linear equation of state given by Eq. 4, the stress in the flyer plate initially traveling at
velocity VI and impacting a stationary driver is
σFL = ρ0,FL(CFL + S FL(VI − uP,1))(VI − uP,1) (111)
where the stress in the initially stationary driver is
σDR = ρ0,DR(CDR + S DRuP,1)uP,1. (112)
Substituting Eqns. 111 and 112 into the left hand side of Eq. 110 results in a quadratic
equation which can be solved in terms of uP,1. Inserting the resultant value of uP,1 into ei-
ther Eqn. 111 or 112 yields the stress at the flyer/driver interface σFL,DR. To determine the
shocked state at the driver/powder interface, in the case for which the Hugoniot of the pow-
der is unknown, the measured shock velocity is used in conjunction with the predetermined
values of uP,1 and σFL,DR. In this instance the stress in the powder is given as
σ = ρ00US uP (113)
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which is simply Eq. 2 with σ0 = 0. This relationship can be represented as a straight line in
σ-uP space with a slope of ρ00US (see Fig. 6.14). Accurately determining the shocked state
at the driver/powder interface requires knowledge of the either the isentropic unloading path
or the reflected shock Hugoniot of the driver material. If the shock velocity in the target
material is such that σ > σFL,DR (see ’Target - 1’ in Fig. 6.14), the shocked state in the
powder falls along the reflected Hugoniot of the driver. McQueen and co-workers [1] have
shown that a reflected Hugoniot centered about the point σFL,DR,VFL,DR can be represented
by the following relation
σ2(V) =
σH − (γ/V)2[(σH − σFL,DR)(V0 − V2)/2]
1 − (γ/V)2(VFL,DR − V2)/2
(114)
where σH is the stress on the original driver Hugoniot at volume V2, and the original Hugo-
niot is centered at zero stress and V = V0. Solving for the intersection of the reflected shock
Hugoniot given by Eq. 114 with Eq. 113 results in the shocked state for a powder with a
higher shock impedance than the driver.
For powders with lower shock impedances than the driver, the shocked state in the
powder falls along the release isentrope, or reflection adiabat, of the driver. This scenario
is shown in Fig. 6.14 as the line ’Target - 2’. In this instance, one must determine the
intersection of Eq. 113 with an equation that describes the release isentrope in terms of
material velocity. To find this intersection, one must first determine the σ-V relationship for
the isentrope as it releases from the point (σFL,DR,uP,1). This procedure can be accomplished
using the relations put forth in Sect. 2.4. Once the σ-V behavior of the isentrope is known,










Figure 6.14: Schematic illustrating the impedance matching technique for the case of a
flyer impacting a stationary driver backed by the target material.
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and the results of Eq. 115 can be combined with Eq. 113 to solve for the stress and ma-
terial velocity in the powder. With σ and uP of the powder known, Eqns. 1-3 are used to
determine the specific volume and internal energy of the shocked state.
6.9 Error Analysis
Quantification of error in impedance matched quantities was carried out in a manner similar
to the analysis of Mitchell and Nellis [120], who examined the sources of error when an
impactor (flyer) directly impacts a target material. In this section, their analysis is extended
to the case where the material of interest is not impacted directly; rather the flyer impacts
a driver backed by the material of interest. As such, the total error in the sample must
incorporate both the error at the flyer/driver interface as well as that at the driver/powder
interface. The two sources of error dealt with directly in this section are experimental
(random) errors and systematic (non-random) errors. Random errors are those which result
from errors in experimentally determined quantities, which in this investigation are the
impact velocity VI , initial density of the powder sample ρ00, and shock velocity in the
sample US . Systematic errors arise due to uncertainties in the predicted Hugoniots of the
flyer and driver materials which are calculated based on the linear US -uP relationship.
6.9.1 Systematic Uncertainties in Impedance Matching for Three Materials
To determine the systematic uncertainty in the flyer and driver Hugoniots, one must first de-
termine the experimental uncertainty in the parameters C0 and S used to calculate the Hugo-
niot through the linear equation of state, Eq. 4. This was accomplished by obtaining US -uP
pairs from published impedance matched data for the material of interest, e.g. [29, 120],
and fitting the data using a linear least squares method. This analysis requires knowledge
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of the uncertainty in US , δ US , for each US -uP pair, which in some instances may be pub-
lished. However, if the uncertainty in US is not given, a value of 1% of the measured shock
velocity is assigned, where this value is in line with the uncertainties measured by Michell
and Nellis [120]. For a non-weighted linear least squares fit, the coefficients C0 and S are
found through [126]
C0 =




n[uPUS ] − [uP][US ]
n[u2P] − [uP]2
(117)
where n is the number of US -uP data pairs and the brackets denote summation of all a
pairs, e.g. [uPUS ] is equal to
∑n
a=1 uP,aUS ,a. To determine the uncertainty in each of these
coefficients it is first necessary to calculate the standard deviation in shock velocity σUS
about the line defined by C0 and S . Assuming the coefficients were determined from all






where the δU2S for each US -uP pair is either given or assumed as 1 % of the measured value
of US . The standard deviation in each coefficient is determined from the root of the sum
of the squares of the standard deviation in shock velocity (given by Eq. 118) multiplied by













These equations are applied directly to the Cu flyer and driver materials; however, the
analysis is complicated somewhat for the W-6Ni-4Cu alloy. For this alloy, the C0 and S
values of its constituents are first determined using the method outlined above, and a mixing
routine (similar to that outlined in Sect. 2.5.2) is applied to determine the corresponding
properties of the alloy. The uncertainties in C0 and S reported in Table 6.6 for the alloy
are simply the quadrature addition of the individual errors in C0 and S for its constituents,
taking into account the correct mass fraction of each material.
Having computed the coefficients C0 and S , whose values inherently possess some
degree of uncertainty, it is not unexpected that a predicted value of US using the relation
US = C0 + S uP will also contain some level of uncertainty. Determining the uncertainty in
the predicted shock velocity US ,0 for a given uP,0 is carried out through [127]
σ0 = σUS
√





which can be used to estimate the uncertainty in US at any given uP. A value of twice the
standard deviation so determined, 2σ0, is fit to a third order polynomial of the form
2σ0 = A0 + A1uP + A2u2P + A3u
3
P (122)
where the coefficients A0, A1, A2, and A3 are fitting parameters. The systematic uncertainty
in Cu is obtained directly from the method outlined above. For the W-6Ni-4Cu alloy, the
2σ0 relation as a function of uP is determined using Eq. 122 for each of its constituents.
The resultant 2σ0 for each constituent is then multiplied by its respective mass fraction, and
the errors in each constituent are added together in quadrature to yield 2σ0 for the alloy.
The values for the coefficients A0, A1, A2, and A3 used in this investigation are given in
Table 6.7. From Eq. 122 the systematic error in the flyer and driver can be represented by
a band of uncertainty in the stress-material velocity plane, as shown in Fig. 6.15.
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Table 6.7: Parameters used to calculate systematic uncertainties in Cu and W-6Ni-4Cu.
Coefficients are determined from US -uP data in km/s.
Material A0 A1 A2 A3
Cu 3.5234 x10−2 -2.6175 x10−2 2.7992 x10−2 -2.3090 x10−3









Figure 6.15: Bands of uncertainty in flyer and driver calculated using the relation US
=(C0 + 2σ0) + S and US = (C0 − 2σ0) + S .
Examining Fig. 6.15, it is evident that some finite amount uncertainty in the equilibrium
material velocity predicted at the interface between the flyer and driver exists. To determine
this systematic uncertainty, δuSP,F−D, the value of 2σ0 at uP,F−D is determined using Eq. 122
and C0 is replaced with some combination of C0 ± 2σ0 in the linear equation of state for
the flyer and driver materials. The value of u−P,F−D (Fig. 6.15) is obtained using C0 - 2σ0 for
the flyer and C0 + 2σ0 for the driver, and u+P,F−D is obtained using C0 + 2σ0 for the flyer
and C0 - 2σ0 for the driver.
The uncertainty in the driver Hugoniot must also be imposed upon its release isentrope,
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Figure 6.16: Schematic illustrating uncertainty bands in the release isentrope calculated
by replacing C0 with C0 + 2σ0 and C0 − 2σ0.
which results in a finite amount of systematic uncertainty in the powder material veloc-
ity. The uncertainty already determined at uP,F−D through Eq. 122 is applied directly to
the release isentrope, resulting in a band of uncertainty around the isentrope, as shown in
Fig. 6.16. The upper and lower uncertainty bounds along the isentrope are calculated by
setting C0 = C0 + 2σ0 and C0 = C0 - 2σ0 into the σ− V isentrope relation, where the value
of 2σ0 is that calculated at uP,F−D. The terms u+P and u
−
P are determined from the intersection
of the line defined by the slope ρ00US with their respective bounding curve. The systematic
uncertainty in the powder sample resulting from uncertainty in the release isentrope is thus




P|. Combining the two systematic uncertainties in quadrature, the total
systematic uncertainty in material velocity for the powder sample resulting from systematic
uncertainties at the flyer/driver and driver/sample interfaces is
δ uSP = [(δ u
S
P,F−D)
2 + (δ uSP)
2]1/2 (123)
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where Eq. 123 is used throughout the remainder of the calculations to determine systematic
uncertainties in all other properties of interest.
6.9.2 Remaining Uncertainties
With systematic uncertainties in the flyer and driver materials accounted for in their re-
spective Hugoniots and isentropes, the additional complexity introduced by performing
impedance matching calculations on three materials (instead of two as in Mitchell and Nel-
lis [120]) has been accounted for. As such, the remainder of this analysis follows directly
from Mitchell and Nellis [120] as all other uncertainties are either determined directly
from measured quantities in the powder or can be inferred from the value of δ uP given by
Eq. 125.
The experimental error in material velocity results from uncertainties in measured quan-
tities and is defined through quadrature as
δ uEP = [ (δ uP(US ))
2 + (δ uP(VI))2 + (δ uP(ρ00))2 ]1/2 (124)
To determine each of the δ uP terms in Eq. 124, the maximum and minimum measured val-
ues for each quantity is individually inserted into the impedance matching calculation and
a corresponding value of uP is determined. The maximum and minimum values are then
combined to yield δ uP(X) = 1/2 |u+P(X) − u
−
P(X)| for the measured quantity X, and the indi-
vidual uncertainties are combined through Eq. 124. The total uncertainty in powder/sample
material velocity is given by the addition of both the systematic and experimental uncer-
tainties




The total fractional uncertainty in stress δ σ/σ is again a combination of its experimen-


















































In a similar fashion, the fractional uncertainty in specific volume is the sum of its experi-
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where η is a measure of powder compression η = ρ/ρ00. The total fractional uncertainty in







The final source of error is that resulting from the uncertainty in shock velocity. In the
experiments performed in the present work the shock velocity is obtained from the relation
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US = ∆ x/∆ t, where ∆ x is the thickness of the powder sample and ∆ t is the time it
takes for the compaction wave to traverse the powder thickness. The uncertainty in powder
thickness δ(∆ x) is taken as twice the standard deviation in powder thickness if multiple
measurements of the thickness are obtained, or as twice the value of the finest increment
of the measuring device, which is 50.8 µm, if only one measurement of the thickness is
recorded. The uncertainty in transit time δ(∆ t) is determined from the measurements ∆ tR
and ∆ tF , where the subscripts R and F indicate that the respective transit time is determined
from the the rise (R) and fall (F) of the current trace, as detailed in Sect. 7.2.3. Here, the
total uncertainty in transit time is defined as twice the standard deviation through
δ(∆ t) = |∆ tF − ∆ tF | (130)












where US is determined from ∆ tP, the transit time at the peak of the current trace. With
regard to the different sources of error, those due to variations in measured impact velocity
and transit time through the powder tend to cause to the largest uncertainties.
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CHAPTER VII
COMPRESSION OF THERMITE POWDER MIXTURES
The experimental procedures outlined in the previous chapter have been carried out on the
Ta + Fe2O3 and Ta + Bi2O3 powder mixtures. The focus of this chapter is to present the
results of these experiments and evaluate the applicability of existing equations of state and
compaction models, both quasi-static and dynamic, to describe the compaction behavior
of the highly heterogeneous thermite powder mixtures. As such, this chapter begins by
presenting results from the quasi-static and dynamic compaction experiments in various
forms; looking first at the raw data, and then at model fits to the experimental data. Of
specific interest will be the ability of the equations of state (EOS) and compaction models
to adequately describe the experimentally observed compaction behavior, specifically the
crush strength.
7.1 Results of Quasi-Static Compaction of Reactant Powders
Quasi-static compaction yields information about the consolidation behavior of materials
in the absence of rate effects. Prior to examining the crush up response of the powder
mixtures, it is instructive to first examine that same response for the individual constituents.
Thus, by examining the compaction response of the constituents, one can gain insight into
some of the compaction mechanisms occurring in the mixtures and determine if any one of
the components is dominating the compaction process. The stress versus density (defined
as percent theoretical density, % TMD) compaction curves for each of the three powder
constituents are shown in Figs. 7.1-7.3. Also shown are fits of the compaction data to the
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P-σY [20], P-PAct [58], and the modified Kawikata [13] models. Fitting parameters to the
respective models/relations are given in Table 7.1
In examining Fig. 7.1 it is evident that the P-σY model fits each of the constituents to
varying degrees. The compaction behavior of Ta is well characterized by the P-σY model,
while the oxide powders are less well characterized; a trait attributed to the minimal amount
of plastic deformation that occurs during the compaction of brittle oxide powders. Of the
two oxides, the P-σY model has the poorest fit to the Fe2O3 data.
Comparatively, the P-PAct model fits shown in Fig. 7.2 appear to follow the compaction
data much closer for all materials. For the fit shown, the P-PAct model is that for a single
pressure (stress) barrier. The goodness of fit shown in Fig. 7.2 suggests that all the powders
can be described fairly well by a stress activated and a non-stress activated component in
the range of applied stress. It should be noted that inspection of the model parameters for
Fe2O3 indicates the best fit for the activation stress (Pa = 1150 MPa) occurs above of the
stress range investigated. Though Kenkre and co-workers [58] find similar results in some
of the powders they investigated initially, the fact that the stress activated value lies outside
of the range of experimentally collected values brings the physical basis of the single stress
activated value into question. The fact that compaction of Fe2O3 may not be well described
by a single activation stress is not too surprising when one considers the initial morphology
of the particles, which are large agglomerates (>10 µm) of much smaller particles. In
this instance, consolidation is likely to be dominated by the breakup of agglomerates at
low stresses followed by the fracture and rearrangement of the actual particles at greater
stresses.
The modified Kawikata fits to the experimental data are given in Fig. 7.3. For this
fitting procedure, the initial density of the starting powder, ρ00, is allowed to vary to achieve
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Figure 7.1: Quasi-static compaction curves for (a) Ta, (b) Fe2O3, and (c) Bi2O3 shown by
broad (red) line. Fits of the data to the P-σY model are illustrated by the dashed (blue) line.
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Figure 7.2: Quasi-static compaction curves for (a) Ta, (b) Fe2O3, and (c) Bi2O3 shown by
broad (red) line. Fits of the data to the P-PAct model are illustrated by the dashed (blue)
line.
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Figure 7.3: Quasi-static compaction curves for (a) Ta, (b) Fe2O3, and (c) Bi2O3 shown by
broad (red) line. Fits of the data to the modified Kawikata equation [13] are illustrated by









































































































































































































the best fit with the data under the stipulation that the parameter ′a′ follows the behavior
a = ρ00/ρs0 set forth by Petrie and Page [13]. One can see that by slightly adjusting ρ00
from its actual value allows for a good fit to the Ta and Bi2O3 compaction data over almost
the entire stress range investigated. This is not so for Fe2O3, whose compaction behavior
is less well represented by the modified Kawikata relationship. Again, the presence of
agglomerates is thought to significantly effect the consolidation response and result in a
poor fit with the model.
Having examined the compression response of the individual powders in light of the
aforementioned compaction models, attention now shifts to the quasi-static compression
behavior of the powder mixtures. Compaction curves for the Ta + Fe2O3 and Ta + Bi2O3
mixtures as well as fits of the data to the P-σY , P-PAct, and modified Kawikata models are
shown in Figs. 7.4-7.5. Model parameters resulting in a best fit to the experimental data are
given in Table 7.2.
Experimental quasi-static compaction data for the Ta + Fe2O3 mixture is shown in
Fig. 7.4 and is marked by two nearly linear regions separated by a region of steadily increas-
ing stiffness. At stresses below approximately 100 MPa density increases quasi-linearly, at
which point further increases in stress result in continuously reduced increases in density.
Furthermore, at stresses above approximately 400 MPa (ρ ≈ 65% TMD) linearity resumes,
although in this stress range the slope has decreased. If one recalls the SEM image of the
Ta + Fe2O3 mixture shown in Fig. 6.7(a), postulations on the physical basis of the curvature
shown in Fig. 7.4 can be made.
The initial linear region in the Ta + Fe2O3 mixture is likely attributed to the breakup
of Fe2O3 agglomerates. Figure 6.7(a) clearly shows Fe2O3 agglomerating and completely
surrounding the Ta particles. These agglomerates, formed as a result of van Der Waals
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Figure 7.4: Quasi-static compaction of Ta + Fe2O3 fit to the (a) P-σY , (b) P-PAct, and (c)
modified Kawikata models. Experimental data is represented by the broad (red) line, and
fits to the models are shown by the dashed (blue) line.
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Figure 7.5: Quasi-static compaction of Ta + Bi2O3 fit to the (a) P-σY , (b) P-PAct, and (c)
modified Kawikata models. Experimental data is represented by the broad (red) line, and









































































































































































































and electrostatic forces, are easily broken under low applied stresses and are most likely
responsible for the initial linear region of compression. Following breakup of the initial
agglomerates, the region of increasing stiffness observed in Fig. 7.4 is a likely result of
the competing processes of rearrangement, fracture and deformation as the compact forms
a continuous network of stress bridging particles. As stress increases further, it becomes
distributed quasi-homogeneously throughout the compact, and consolidation of the bulk
occurs by deformation and fracture of the primary particles. In this region, densification
proceeds linearly with increasing stress.
Keeping the aforementioned compaction mechanisms in mind, a look is now given at
how well the P-σY , P-PAct, and modified Kawikata models capture these trends. One can
see that both the P-σY (Fig. 7.4(a)) and the modified Kawikata (Fig. 7.4(c)) fits to the
experimental data are rather poor. In both instances, the model over predicts the density
which can be achieved at a given stress level for σ > 600 MPa, where over prediction is
greater for the P-σY model. One reason for the greater over prediction of the P-σY model
is that the P-σY model only has one adjustable fitting parameter, the yield strength σYS . If
the initial density ρ00 is allowed to vary in the P-σY model as it is in the modified Kawikata
model, the two fits closely resemble one another and predict a nearly identical compaction
response (not shown in Fig.7.4).
The P-PAct fit shown in Fig. 7.4(b) more closely resembles actual compaction data for
the Ta + Fe2O3 powder mixture. The question naturally arises, does this model predict
well the physical phenomena that occurs during compaction, or is this merely a case of
having an adequate number of fitting parameters such that model prediction can align with
experiment without substantial physical meaning? Answering this question requires one
to examine values of the fitting parameters given in Table 7.2. Assuming a single stress
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activated process of compaction, the P-PAct model predicts a rearrangement threshold of Pl
= 138.4 MPa and stress activated process at Pa = 1283 MPa. Inserting these values into
the P-PAct equation, results in these processes becoming dominant at relative densities of
0.576 and 0.753, respectively. This suggests that rearrangement is the dominant mechanism
by which compaction proceeds near densities of 0.58 % TMD, and that a single stress
activated process would not become dominant until approximately 0.75 % TMD. While
rearrangement may likely be the dominant mechanism near 0.58 % TMD, it is unlikely
that no stress activated processes occur until stress and density reach 1283 MPa and 0.75
% TMD. Thus, while the P-PAct model follows the experimental compaction behavior of
Ta + Fe2O3 quite well, and may well yield good predictions for particle rearrangement,
it is believed that the single stress activated form of the P-PAct model does not reflect the
underlying physical mechanism responsible for compaction as stress increases.
Turning now to the Ta + Bi2O3 powder mixture, one can see distinct differences in the
compaction behavior of this mixture, as shown in Fig. 7.5. One of the major differences
between the two systems is the absence of a linear densification region in the low stress
regime. For the Ta + Bi2O3 mixture, the rate of change in density with applied stress
continuously decreases up to approximately 500 MPa, at which point further increases in
stress result in a linear increase in density.
One of the major distinctions between the two physical mixtures is the absence of a
large agglomerate structure of oxide particles in the Ta + Bi2O3 mixture. The micrograph
in Fig. 6.7(b) clearly shows discrete particles of both Ta and Bi2O3, with Ta shown to
slightly clump together and form an agglomerate structure. Moreover, as the density of Ta
is almost three times that of Fe2O3 it is supposed that the Ta agglomerates will breakup
at much lower applied stresses than the oxide agglomerates in the previous mixture. As
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a result, one does not see the linear compaction region at low stresses in this mixture as
the breakup of agglomerates is not believed to be the primary mode of compaction at these
stresses. Rather, the continuously increasing stiffness which is observed at stresses below
500 MPa is likely a result of rearrangement and a minimal amount of primary particle
deformation as the compact increasingly becomes a complete network of stress bridging
particles. After the formation of this network, densification proceeds linearly with increases
in stress through the deformation and fracture of primary particles.
With the breakup of agglomerates not being the primary densification mode at low
stresses for the Ta + Bi2O3 mixture, it is expected that the P-σY , P-PAct, and modified
Kawikata models will perform better on the Ta + Bi2O3 system than they did on the Ta +
Fe2O3 system. This hypothesis is clearly proven in the case of both the P-σY and modified
Kawikata models as model fits are much closer to actual experimental data. However,
similar to the previous case, the P-σY model still offers the poorest fit to the data. This
model under predicts the compacted density at stresses below approximately 600 MPa, and
over predicts as stress increases beyond this point. Again, this results from the constraint
imposed by the initial density, and a much better fit results if ρ00 is allowed to vary.
Both the P-PAct and the modified Kawikata models offer exceptionally good fits to the
experimental data for the Ta + Bi2O3 system. With the bulk modulus K of the powder set
(determined through a volume fraction averaged rule of mixtures), adjustable parameters
in the modified Kawikata model are the initial density ρ00 and stiffness parameter b. By
increasing ρ00 only slightly, the modified Kawikata model is able to predict closely the
experimental densification behavior at all but only the lowest values of stress, as shown
in Fig. 7.5(c). With the fit value of ρ00 not having a true physical basis, one looks to the
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stiffness parameter, which has units equivalent to the inverse of stress, to reflect some as-
pect of the mechanical behavior of the mixture. Unfortunately, no substantive correlations
between the parameter b and the mechanical properties of the compacts it describes have
been found [64,128]. However, it is observed that the value of b for the Ta + Bi2O3 mixture
(see Table 7.2) does lie close to the midpoint of the values of b reported for its constituents
(see Table 7.1).
Of the equations examined, the P-PAct model allows for the best fit with experimental
data. Again, if only rearrangement and a single stress activated process are considered,
these processes are determined to be the dominant compaction mechanisms at σ = 70.4,
ρ = 0.55 and σ = 381.3 MPa, ρ = 0.72 % TMD, respectively. This implies that both
rearrangement and the stress activated process occur within the stress range investigated.
Just what is the stress activated process? The P-PAct model does not give specifics as to
what this process is; it just notes that the process exists. For the case of the Ta + Bi2O3
mixture, shown in Fig. 7.5(b), this process is likely the initial bridging of particles as a
continuous network of particles begins to form. As stresses proceed beyond this point, a
minor amount of rearrangement will occur, but it is predominantly the deformation and
fracture of particles which result in increases in density.
If one considers all the compaction models with regard to their ability to describe the
densification behavior of the individual constituents, Ta is by far the best fit material by all
the models. After Ta, Bi2O3 shows the next best fit, and the poorest fit material is Fe2O3.
Accordingly, one might expect that mixtures containing Fe2O3 would also be poorly fit by
these models. This is certainly true for the P-σY and modified Kawikata models, whose
fits poorly reflect the curvature observed experimentally during quasi-static compaction
of Ta + Fe2O3 mixtures. Conversely, the P-PAct model fits the Ta + Fe2O3 mixture quite
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well, where the goodness of fit for this mixture is attributed to the similar goodness of
fit to its constituents. It is important to note that this model, while predicting a stress
activated process well out of the range of experimental data, does give an estimate as to
the stress range where particle rearrangement is presumed to be the dominant compaction
mechanism.
With the consolidation behavior of both Ta and Bi2O3 being fairly well characterized
by all the compaction models investigated, it is not surprising that the mixtures of these
components are also fairly well characterized by these same models. The model suffering
the greatest as a result of the two components being mixed is the P-σY model. The lack
of agreement found with this model is due in part to the brittle nature of the Bi2O3 parti-
cles, which causes the contact point deformation assumption underlining the P-σY model
to break down. Better fits are offered by the P-PAct and modified Kawikata models. Of
these models, the modified Kawikata model is largely empirical in nature and offers no
quantitative information about the mechanical and/or yield properties of the compact. The
main use of this model is as a component of the equation of state for the mixture put forth
by Petrie and Page [13]. The P-PAct model does, however, yield information about the
dominant stress range for rearrangement, which will be useful in further analysis.
Ideally, in describing the quasi-static compaction behavior of powder mixtures, one
would like to be able to determine two things. One, at what point of stress(σ) and/or
density (ρ) the bulk of rearrangement has occurred and the compact has formed a quasi-
continuous network of stress bridging particles. Two, what are the yield properties of the
mixture once this continuous network of particles has formed. From these two pieces of
information, one might be able to use the data collected quasi-statically to aid in predicting
the consolidation behavior of the mixture in the dynamic regime. Unfortunately, none of
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the models covered thus far can provide both of the desired quantities. The P-PAct model,
while yielding information regarding particle rearrangement, does not offer any insight into
the yield properties of the mixture once it has formed a continuous network. Conversely,
the P-σY model gives information regarding the yield behavior of the mixture; however,
significant particle rearrangement occurs within this predicted yield behavior, and corre-
spondingly the model tends to over predict the density achievable at higher stresses. The
question then arises, can these models be combined to form a hybrid model or analysis
technique that will allow for both of the aforementioned quantities to be determined? This
question will be dealt with specifically in the next chapter.
7.2 Dynamic Compaction Results
In examining the results of dynamic compaction experiments, it is first necessary to have
a general idea as to what the equilibrium equation of state response of the thermite pow-
der mixture will be as predicted through the various compaction models outlined in the
previous chapters. As such, this section begins with a discussion of the relevant porous
equations of state as they pertain to each of the thermite mixtures. Following that, results
and analysis techniques for the parallel plate impact experiments performed in this work
are presented, and comparisons are made between experimental data and the equilibrium
predicted response. Finally, data in the crush-up region will be fit using existing com-
paction models and correlations will be described in light of the ability of these models to
adequately describe the dynamic compaction response of heterogeneous thermite powder
mixtures.
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7.2.1 Equilibrium Equation of State Response
When porous mixtures of Ta + Fe2O3 and Ta + Bi2O3 are subjected to steady-state shock
loading, it is assumed that material behind the shock front is in a state of equilibrium. This
implies that both materials in the mixture experience similar stresses, material velocities,
etc., and that the response of the mixture can be described by a single equilibrium equation
of state (EOS). Several different methods of determining the equilibrium EOS have been
covered, and their applicability to each of the mixtures is now investigated. However, prior
to this analysis one must first define certain initial and averaged properties for the mixtures.
As reported in Section 6.4, the Ta + Fe2O3 and Ta + Bi2O3 mixtures investigated were
prepared using equal volumes of each constituent. With knowledge of constituent density,
mass fractions for each component are computed and used to determine other averaged
mixture quantities. The first averaged quantity to be discussed is the zero stress density
of the mixture. Following the rule of mixtures used by McQueen and co-workers [1], the
standard density of the mixture ρ0 is determined by the summation of the mass fractions of
the volumes of the individual components i through [1]
1/ρ0 = V0 =
∑
XiV0,i (132)
where the subscripts 0 and i indicate the standard (zero stress) condition and properties of
the individual component, respectively, and X is the mass fraction. Similarly, the Grüneisen










where Yi is the volume fraction of each component, which in all cases is equivalent to 0.5.
Also of great importance in determining the equilibrium equations of state for the mixtures
is the initial porous density ρ00. For the Ta + Fe2O3 mixture the targeted initial density
was approximately 49 % TMD, and for the Ta + Bi2O3 mixture it was 62 % TMD. The
initial and averaged quantities used throughout the different equilibrium EOS calculations
are given in Table 7.3. Note that only the mass fraction of Ta is given in Table 7.3, as
the mass fraction of the oxide component is determined by the summation of both being
equavalent to one.
Table 7.3: Initial and averaged properties for Ta + Fe2O3 and Ta + Bi2O3 shock compacted
mixtures.
XTa ρ0 ρ00 γ0
(g/cm3) (g/cm3)
Ta + Fe2O3 0.7569 10.968 5.367 1.827
Ta + Bi2O3 0.6442 12.931 7.945 1.097
7.2.1.1 Solid Mixture EOS
Prior to the additional complexity of incorporating porosity, equations of state for the solid
mixtures are presented. To this end, only the isothermal mixing method of McQueen and
co-workers [1] and the energy partitioning method of Krueger and Vreeland [44] are de-
veloped, as these methods are considered to be more accurate than the other approximate
relations. The isothermal mixing method used to predict the equilibrium EOS response
for the solid mixtures is performed at zero Kelvin, where the methodology used for these
calculations can be found in Sects. 2.3.1 and 2.5.2. Similarly, the method for determining
the energy partitioned EOS can be found in Sect. 2.5.4.
A list of the relevant material parameters for these models is given in Table 7.4. Note
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that certain values in Table 7.4 have been defined previously, yet are given again at this junc-
ture for the sake of completeness. All parameters listed in Table 7.4 have been previously
derived in their respective sections, with the exception of the isothermal bulk modulus K0
and its stress derivative K′0. These two quantities are determined using the Murhaghan [108]
EOS given by Eq. 105, which was presented in Sect.6.2. Calculations of the solid mixture
Hugoniot are performed using MATLAB [91] with scripts similar to those given in Ap-
pendix A.1.
Table 7.4: Model parameters used to calculate the solid mixture EOS from the isothermal
mass mixing [1] and energy partitioning [44] relations.
Property Units Ta Fe2O3 Bi2O3
ρ0 kg/m3 16660 5274 9202
C0 m/s 3293 6258 2611
S 1.307 1.371 1.227
γ0 1.689 1.990 0.812
3NK at-J/kg-K 137.8 156.2 53.5
CV J/kg-K 140 650 236
θD K 231.1 128.5 43.2
E0H J/kg 29677 38677 14827
E0K J/kg 0 0 0
V0K m3/kg 5.97488 x10−5 1.89238 x10−4 1.08481 x10−4
σ0 kg-m2/s2 0 0 0
T0 K 293 293 293
K0 kg-m2/s2 183.6 x109 208.4 x109 62.9 x109
K′0 4.036 4.324 3.955
Results from the two mixing routines are shown in Fig. 7.6, which gives the mixture
response in both the (a) σ-V and (b) US -uP planes. For the curves shown in Fig. 7.6,
the energy partitioning ratio is set to 1, resulting in equally partitioned energy between
the components. It is observed in Fig. 7.6 that both methods of mixing result in nearly
identical Hugoniots for the Ta + Fe2O3 mixture. However, agreement between the two
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mixing routines is not quite as good for the Ta + Bi2O3 mixture, and predictions tend to
diverge as stress and material (particle) velocity increases.
The exact cause the observed divergence is unknown; yet, it is hypothesized that it may
result from the largely different values of bulk moduli of Ta and Bi2O3. In the energy par-
titioning model, energy and stress in each component are determined from the Murhaghan
relations given by Eqns. 57 and 58. These relations rely solely on K0 and K′0 to determine
energy and stress as a function of volume. Examining the K0 values for the two mixtures,
one can see that these values vary by nearly 65 % in the Ta + Bi2O3 mixture, compared
to a difference of only 12 % in the Ta + Fe2O3 mixture. With such a large difference in
moduli values, it might be expected that energy is more preferrentially distributed in one
component rather than equally as has been assumed in the current analysis. In fact, if
one modifies the energy partitioning ratio such that more energy is deposited in Bi2O3, the
slope S in the linear equation of state is reduced, bringing the energy partitioning prediction
closer to that given by the isothermal mixing method. Furthermore, differences in the pre-
dicted responses over the stress and material velocity range considered in this investigation
are relatively minor. As such, the equation of state determined from the isothermal mixing
method is used to describe the Hugoniot response of the solid mixtures. The parameters so
determined are given in Table 7.5.




Ta + Fe2O3 4.186 1.338
Ta + Bi2O3 2.686 1.415
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Figure 7.6: Mixture Hugoniots for Ta + Fe2O3 and Ta + Bi2O3 mixtures as predicted from
the isothermal mass mixing (solid line) and energy partitioning (dashed line) methods.
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7.2.1.2 Porous Mixture EOS
With the compressional response of the solid mixture defined by the isothermal mixing
method, there now exists a solid curve from which a porous EOS can be extrapolated.
Generally, porous equations of state are divided into two categories; as extrapolations
from the solid Hugoniot are made in either an isochoric (equal volume) or isobaric (equal
pressure) manner. Of the isochoric models, this dissertation has specifically discussed the
Mie-Grüneisen extrapolation [15], the energy partitioning method [44], and the two term
porous/powder EOS of Petrie and Page [13]. The isobaric models that have been covered
are the high-pressure EOS of Oh and Persson [82] and the thermodynamic EOS of Wu and
Jing [83].
In examining the foundations on which each of these models are built, it becomes ap-
parent that certain equations of state are better suited to describe each mixture. Recalling
Eq. 67, it is found that the initial density of the Ta + Fe2O3 mixture is below that which
predicts an anomalous Hugoniot behavior in equations that use the Mie-Grüneisen relation
explicitly. As such, the isochoric Mie-Grüneisen extrapolation and the energy partitioning
method of predicting the porous Hugoniot are considered the least favorable options for the
Ta + Fe2O3 mixture. Furthermore, while the Hugoniot predicted by Petrie and Page [13] in-
corporates the cold (quasi-static) compaction behavior to remove the anomalous curvature,
the authors [13] also note that the model may not be able to predict complete densification
for low initial density materials. In addition, Oh and Persson’s [82] high-pressure EOS is
not well suited for the present analysis as this dissertation focuses on the relatively low
stress (< 15 GPa) Hugoniot response of the mixtures. As such, for the highly porous mix-
ture of Ta + Fe2O3 the thermodynamic EOS of Wu and Jing [83] is likely to most accurately
describe the porous EOS.
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For the mixture of Ta + Bi2O3, the initial porous density is high enough such that a
Grüneisen extrapolation will not result in an anomalous Hugoniot curve. As a result, the
Mie-Grüneisen extrapolation [15] and the energy partitioning EOS [44] can be applied
directly. Inherent in both models is the assumption that the mixture crushes to full density
at essentially zero stress. Thus, while these models yield approximations of the Hugoniot
response for a solid mixture that was initially porous, they yield no information about the
crush-up response to full density. In contrast, both the Wu and Jing [83] and the Petrie
and Page [13] models incorporate the crush-up response of the powder mixtures in their
equations of state. The model of Oh and Persson [82] is also deemed unfit for the analysis
of the Ta + Bi2O3 system as, similar to the previous system, the stress range investigated is
below that for which the model was originally developed.
Of all the models available, that of Wu and Jing [83] seems to offer the most flexibility
in describing the stress range of interest in the current investigation. This model has the
capability to describe the crush-up response of the material in the incomplete compaction
region, as well as the response of the fully dense material at high stresses. This is not to say
that the other models do not have their strengths as well. Specifically, the Mie-Grüneisen
extrapolation [15] and the energy partitioning models [44] will be very useful as reference
curves when employing the P-α and P-λ compaction models to describe the densification
process.
7.2.2 Initial Powder Configuration
Powders are pressed to initial densities of approximately 49 % and 62 % TMD for the
Ta + Fe2O3 and Ta + Bi2O3 mixtures, respectively. SEM images of the initial powder
configurations in the precompacted state are shown in Figs. 7.7 and 7.8. To obtain these
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images, loose powders were mixed with a small amount of epoxy prior to compacting such
that particle pullout is inhibited during sectioning and polishing.
From Fig. 7.7(a) distinct particles of Ta surrounded by a nearly continuous matrix of
Fe2O3 are observed; this is consistent with SEM images of the loose powders (Fig. 6.7(a)).
Though isolated regions of voids are observed within and around clusters of Ta, as shown
in Fig. 7.7(b), the primary location of porosity and voids in this mixture is located within
the porous agglomerate regions of Fe2O3. In stark contrast to the pre-compacted Ta +
Fe2O3 mixture, the Ta + Bi2O3 mixture (Fig. 7.8) clearly shows distinct particles of both
Ta and Bi2O3. Furthermore, instead of having a continuous matrix of oxide surrounding
the metal component as in the previous mixture, it is the metal component that surrounds
the oxide in the Ta + Bi2O3 mixture. Another differentiating factor between the mixtures
is the composition of the continuous particle network. In the Ta + Fe2O3 mixture, it is
Fe3O3 that makes up the continuous network of particles, and as shown in Fig. 7.7(a), this
is also where the majority of the void space to be removed during compaction is located.
As such, with passage of a shock wave it may be the mechanisms by which the continuous
network of porous Fe2O3 breaks down and densifies that may dominate the compaction
characteristics of the mixture. For the mixture of Ta + Bi2O3 the exact opposite is true, as
it is the Ta particles which form the continuous network. However, the continuous network
in this mixture is significantly different in that it is supported by discrete contact points
between particles (Ta-Ta, Ta-Bi2O3, and Bi2O3-Bi2O3 contacts). From these observations it
is speculated that densification of the Ta + Bi2O3 mixture will be controlled by the growth
and coalescence of contact points as the shock front passes through the mixture.
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Figure 7.7: Initial powder configuration for Ta + Fe2O3 pressed to 49 % TMD, showing
(a) location of Ta and Fe2O3 and (b) locations of voids localized within regions of Ta.
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Figure 7.8: Initial powder configuration for Ta + Bi2O3 pressed to 62 % TMD, showing (a)




A series of parallel plate impact experiments were conducted on the Ta + Fe2O3 and Ta +
Bi2O3 powder mixtures which were precompacted to result in mixtures whose microstruc-
tures are similar to those shown in Figs. 7.7 and 7.8. The manner in which the experiments
were performed was consistent with that outlined in Sect. 6.7. The results of which are
presented here. With details of the initial powder configuration presented, this section ex-
amines the analysis techniques used to interpret the parallel plate impact data. Following
this, results of the experiments are presented in conjunction with the predicted Hugoniot
response from applicable equations of state and compaction models.
With initial density of the powder mixtures measured prior to conducting the experi-
ments, two parameter are measured during shock loading which can, through the impedance
matching technique, be used to fully determine the shocked state in the powder. These two
parameters are the impact velocity VI and the shock velocity in the sample US . Details of
how these two values are determined are presented next.
Prior to performing the parallel plate impact experiment, measurements of the velocity
pin locations are made such that the relative distance between each pin is known. Upon
launching the projectile, the flyer plate strikes the pins and a voltage signal is produced
and recorded on an oscilloscope. With the voltage signals from each pin recorded on a
single oscilloscope there is a common time axis from which the relative time difference
(∆ t) between impact of each pin is determined. An example voltage signal from a single
pin is shown in Fig. 7.9 where the x-axis is time and the y-axis is voltage. The enlarged
image in Fig. 7.9 shows the voltage response at the moment of impact, Ti. With the dis-
tance between pins and the time between impact of each pin known, a measurement of the
incoming projectile velocity can be calculated. The average impact velocity reported for
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each experiment is calculated from six separate measurements of the impact velocity de-
termined between pins 1-2, 2-3, 3-4, 1-3, 2-4, and 1-4. Minimum and maximum values of
the impact velocity are also recorded for use in uncertainty analysis. With average value of
the impact velocity known, one of the two variables needed to calculate the shocked state
in the powder mixture is determined.
The second required measurement is the shock velocity in the powder. This quantity is
determined from the arrival time of the stress wave as it passes through a series of PVDF
gauges mounted on either side of the powder compact. For each of the powder mixtures,
the input and propagated PVDF gauges are located as shown schematically in Fig. 6.13.
The voltage signal from each gauge is split prior to arrival at the oscilloscope, such that
two separate measurements of each gauge signal are recorded in high resolution and low
resolution. This process is undertaken in an effort to enhance the accuracy of the measured
voltages. The high resolution recording is set such that the maximum range on the oscillo-
scope is approximately 10-15 times less than the maximum expected voltage signal. This
allows for accurate measurements of the signal at low voltages and reduces the ’noise’ in
the signal. The low resolution is set so that the maximum voltage range on the oscilloscope
is approximately 1.5 to 2 times greater than the maximum voltage expected. Maximum
expected voltages are based on estimates of stress the gauges are likely to experience from
calibrations of charge density versus measured stress [107].
The high and low voltage signals are then combined into a single signal using PlotData
2.3 [129], a software package designed by Sandia National Laboratories for the explicit
purpose of analyzing various forms of experimental shock data. After the voltage signals
are combined, the combined signal is multiplied by a factor of two to return it to its original
amplitude (recall the original signal was split into two). From this voltage signal, both a
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Figure 7.9: Voltage signal produced as a result of incoming flyer plate striking a velocity
pin. Image contained within the dashed box is an enlarged view of the signal behavior
at impact, where the times Tp, Ti, and T f indicate times prior to impact, at impact, and
following impact. Time is plotted on the x-axis and voltage is on the y-axis.
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current trace and a stress trace can be determined using the known resistance of the current
viewing resistor (CVR). In this analysis, only the current trace is used to calculate shock
velocity.
Representative current traces for the input and propagated gauges are shown in Fig. 7.10.
Note the variation in behavior, especially as the signal decreases from its peak value. In the
typical input gauge trace, a sharp rise to peak current is observed, followed by significant
reverberations before equilibrating at a steady state value, as shown in the leftmost trace in
Fig. 7.10. The majority of the propagated traces look similar to that shown by the rightmost
trace in Fig. 7.10, whose rise to peak current is slightly more broad and whose reduction
from the peak value is characterized by rapid equilibration.
The time of flight (TOF) between the gauge packages, inclusive of the powder, is de-
termined at three different locations on the gauge current traces. The first being taken from
the peak values of current, shown as ∆ t in Fig. 7.10. Another TOF is based on the ∆ t
between the points labeled 10-R, which are taken at a current value 10 % of the maximum
value on the initial rise of the trace. The final TOF is the ∆ t between the points 10-F, which
is determined differently for different characteristic trace shapes. For traces similar to the
input, where the current reverberates about its steady state value a number of times before
equilibrating, the value of 10-F is taken at the midpoint between the first two peaks whose
total difference in current is less than 10 % of the maximum value. For traces similar to the
propagated trace, which do not exhibit significant reverberations prior to equilibrating, the
value of 10-F is taken at the time when the current trace first falls below 10 % of its maxi-
mum value. The TOF taken at the maximum point in the current trace is used to determine
the reported shock velocity in the powder, while those from the 10-R and 10-F locations
are used to calculate uncertainty in the shock velocity (see Sect. 6.9).
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Figure 7.10: Typical input (left) and propagated (right) current traces output from PVDF
gauge experiments on powder mixtures. Max current times (Amax) are used to compute the
time of flight through the powder and gauge packages.
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To determine the actual time of flight in the powder, from which the shock velocity can
be calculated, one must subtract the time which the wave spends in the gauge packages.
To accomplish this, one uses the measured values for the gauge package thickness at vari-
ous stages of completion shown by locations Mi in Fig. 7.11, where i is the measurement
number. It is assumed that the time of flight previously measured spans the distance ∆ X
in Fig. 7.11, and as such the package thickness between the powder and the line indicated
by ∆ X must be determined. It can be seen in Fig. 7.11 that there are essentially four layers
of epoxy, film, and gauge between locations M2-M3 and M4-M5. Near the impacting sur-
face the wave travels through three of these layers prior to reaching the powder, and upon
exiting travels through two layers prior to reaching the propagated gauge. Therefore, the
distance the wave travels through the gauge packages is three quarters the distance mea-
sured between M2-M3 for the input gauge, and half the distance measured between M4-M5
for the propagated gauge.
To determine the time it takes for the wave to travel through these distances in the gauge
packages, the stress in each gauge package must be known such that the shock velocity in
the package can be obtained. To this end, the impedance matching technique outlined in
Sect. 6.8 is first applied using the measured impact velocity and the initial TOF and known
powder thickness to determine an estimate of the shock velocity in the powder. From this,
an initial value of stress in the copper driver and the powder mixture is established. It should
be noted that in the impedance matching analysis, the gauge material is neglected and the
calculations are performed as if the driver were directly impacting the powder mixture. The
stress in the first gauge package is assigned that of the copper driver, while the stress in the
propagated gauge package is assigned the stress in the powder. With these stresses, shock
velocities in the gauge packages are obtained using the known equation of state of the film
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(Teflon). This value of shock velocity is then used to compute the time of travel through the
two gauge packages, and these values are subtracted from the initial TOF. The new TOF is
then used to calculate the shock velocity and subsequent stress in the powder mixture. This
process is iterated several times until convergence of less than 1 m/s in shock velocity is
achieved.
Having determined the impacting projectile velocity and the shock velocity in the pow-
der, the impedance matching technique is used to determine the remainder of the shocked
state properties in the powder (σ, uP, V). The MATLAB [91] script used to carry out these
calculations is given in Appendix A.3. From this program, the equilibrium values of σ and
uP are determined, and by modifying certain input parameters in the manner outlined in
Sect. 6.9 uncertainties in material velocity as a function of the impact velocity, initial den-
sity, and shock velocity are determined. In addition, this program also yields information
regarding the stress and material velocity, and its associated uncertainties, at the flyer-driver
interface. Recall these uncertainties are combined with those in the sample to determine
the total systematic uncertainty in material velocity in the sample, see Sect. 6.9.
The calculated parametersσ and uP are then combined with the measured initial specific
volume (1/ρ00) to determine the volume at the shocked state through [15]




At this point all of the Hugoniot values of interest (σ, US , uP, V) are known. The next two
sections present dynamic compaction results for the Ta + Fe2O3 and Ta + Bi2O3 systems,































Figure 7.11: Schematic showing location of films, epoxy, and gauges within gauge pack-
age and powder fixture, where ∆ X is the distance traveled by the wave during the TOF
measured by the gauges. Points marked Mi show where height measurements are taken
during target assembly.
180
7.3 Hugoniot Response of Ta + Fe2O3
Results of measured and calculated parameters from the parallel plate impact experiments
on the Ta + Fe2O3 powder mixture are given in Table 7.6. For the experiments listed in
Table 7.6, all shots were performed with a Cu flyer mounted on an Al sabot, with the
exception of shots 805* and 1002*, whose flyers were composed of the W-6Ni-4Cu alloy.
Values of uncertainty following the ± sign in the table are one half the values calculated
using the error analysis techniques described in Section 6.9. These results, are shown in
the US -uP and σ-V (relative volume) planes in Figs. 7.13 and 7.14. Also shown in the σ-V
plane is the Hugoniot for a solid mixture of Ta + Fe2O3, where all points along the porous
Hugoniot are expected to fall to the right of this solid curve.
7.3.1 Equations of State
The experimentally determined results, along with predictions of the densification and
Hugoniot responses from the models of Petrie and Page [13] and Wu and Jing [83] are
shown in the US -uP plane in Fig. 7.13 and in the σ-V plane in Fig. 7.14. In relation to the
experimentally obtained data, predictions from the model of Petrie and Page’s [13] fall pre-
dominantly above the data on the US -uP plane and to the right of the data in the σ-V plane.
The location of the data points in relation to the prediction of Petrie and Page [13] indicates
that the model is consistently under predicting the level of compaction for a given applied
stress, with only two data points (shots 901 and 823) falling near to or on the opposite
side of the prediction. This result is not surprising as the initial density of the Ta + Fe2O3
system is relatively low (less than the anomalous Hugoniot limit), and Petrie and Page [13]

















































































































































































































































































































































































































































































































































































































































































































































































































conditions. Therefore, model predictions of Petrie and Page [13], which are based on ex-
trapolations of compaction in the quasi-static regime, are not considered representative of
actual material response to dynamic loading for this mixture.
The other porous model applicable to the low density Ta + Fe2O3 system is that of
Wu and Jing [83]. As implemented, the model uses a ’P-α’ type relationship to describe
material response in the incomplete compaction region as given by Eq. 84. Inherent in this
description is a definition of the yield strength of the matrix (solid) material. For Ta and
Fe2O3, whose yield properties are given in Table 6.3, the yield strength of the mixture is
determined using a volume fraction ( f ) average of the individual yield strengths (Y) of the
materials through the iso-strain mixture modulus Y = f1Y1 + f2Y2. Following the definition
of critical stress σcrit outlined bu Wu and Jing [83], results of the model predictions are
shown in Figs. 7.13 and 7.14.
Comparing experimental data to the US -uP Wu-Jing [83] prediction, the data is ob-
served to fall consistently above model predictions at lower shock and material velocities,
seemingly approaching the predicted curve as velocities increase. This type of behavior is
often observed for models which under predict the crush strength of a material, as illus-
trated by the work of Thadhani and co-workers [72] in the case of Ti + Si powder mix-
tures. Shots 751 and 1001 appear to fall directly on top of the model prediction, indicating
close agreement between model predictions and experimental results. For models with
zero crush strengths (e.g. the Mie-Grüneisen extrapolation [15]) this behavior indicates
that full consolidation of the porous material has occurred. However, as the Wu-Jing [83]
model incorporates material strength effects through the P-α [5, 10] relation, overlap be-



























































































































































































































Shown at the lower portion of the Wu-Jing [83] US -uP prediction is a finite amount of
curvature. The observed curvature represents the portion of the model where incomplete
compaction is predicted and the P-α behavior is dominating. Therefore, with the current
model implementation, the agreement between shots 751 and 1001 with the predicted curve
indicate that full compaction of the material has occurred under these experimental condi-
tions.
At higher velocities still, results from shots 805 and 1002 are shown to fall slightly
above the model prediction. Recalling that positive deviations (increased US at a given uP)
from the inert curve are indicative of reaction initiation, one might be inclined to postulate
that a reaction has occurred in the two highest velocity shots. However, it has been shown
for similar mechanochemical based reactions by Eakins and Thadhani [130] and Batsanov
and co-workers [131] that increases in stress above that required for reaction initiation
result in increases in the measured deviations in shock velocity from the inert behavior.
Thus if a reaction were taking place in this system, the deviation in US for shot 1002 is
expected to be observably larger than the deviation from the inert curve for shot 805. With
deviations in US from the inert curve similar in magnitude for both shots 805 and 1002,
results are inconclusive as to whether reaction is initiating in the highest velocity shots.
Examining the σ-V plot in Fig. 7.14, it is shown that as formulated the Wu-Jing [83]
model predicts a considerably lower crush strength than is experimentally observed. Though
not aligning well with the Wu-Jing [83] prediction, most all of the data points in the incom-
plete compaction regime seem to follow the general trend of increasing compaction with
increasing stress, and it is postulated that with the correct modification to the yield behavior
employed, better agreement may be achieved. Comparing the data points with predictions
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of both the solid Hugoniot and the porous Wu-Jing [83] model, it is observed that full com-
paction for the Ta + Fe2O3 mixture is occurring somewhere between 6-7 GPa. As stress
increases, the experimentally measured points tend to follow along the inert prediction up
to approximately 10 GPa. Shot 1002 is shown to fall slightly to the right of the inert curve;
however its band of uncertainty lies within the range of the inert behavior, and one cannot
say with certainty if a reaction is occurring.
7.3.2 Compaction Model Fits
In addition to the Wu-Jing [83] model which describes both the complete and incomplete
compaction regimes, the P-α and P-λ models, which deal explicitly with the incomplete
compaction regime, are also applied to this mixture. Application of both models require a
fully compacted porous equation of state for use as a reference curve. With mixture model
options limited for the Ta + Fe2O3 system due to its low initial density, one might choose to
use the solid EOS predicted from McQueen’s isothermal mixing method [1] as the reference
curve (shown in Fig. 7.14). However, this reference curve does not include any of the
extra energy associated with the compaction of the porous material (see Fig. 3.13). To
incorporate the effects of porosity into the reference equation of state, the Wu-Jing [83]
model is modified from its original implementation, setting the yield strength of the matrix
to an extremely low value (10 MPa), thus simulating a material with a crush strength of
approximately zero.
The P-α and P-λ models are fit to the experimental data. The three P-α fits are shown
alongside experimental data in Fig. 7.15. Notice the varying degrees to which the different
models fit the data. As observed in Fig. 7.15, the rate-independent form of α given by
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Carroll and Holt [10]
α =
1
1 − exp(−3P/2YS )
(136)
is by far the worst at fitting the experimental data. In the fit shown, the yield strength
YS is taken as the volume fraction average of the yield strengths of the components (Y =
f1Y1 + f2Y2) resulting in YS = .135 GPa. Clearly this fit in not representative at all of the
actual compaction observed for Ta + Fe2O3.
Slightly more representative of the experimental data is the α formulation proposed by









In this formulation, αE and Pe are the porosity and stress at the elastic limit, which is
defined using Carroll and Holt’s [10] critical stress relation (Eq. 98 by setting αE = α0 at
Pe = Pcrit). For this system, these terms take the values αE = 2.0408 and Pe = 0.0606. Also
defined in this equation is the experimentally observed crush strength Ps which has been
set to 6 GPa (recall near full compaction is observed for shot 751 with σ = 5.71 GPa). With
these values set, the experimental points in the incomplete compaction regime are fit with
Eq. 137 to determine the fitting parameter n, which is determined to be n = 4.446. This fit
does a moderate job of fitting the experimentally observed compaction trend in the lower
stress regime, but tends to over predict the level of compaction as stress increases.
The α formulation that best fits the compaction data is that given by Grady [88] repre-






Similar to the previous relation given by Eq. 137, this formulation also requires knowledge






























































































































in this model regarding the elastic stress or porosity at the elastic limit of the powder. With
few constraints, this model follows the experimental data points quite well with the fitting
parameter (1/n) set to n = 6.094.
In order of increasing effectiveness, the P-α model given by Eq. 136 shows a weaker
fit than Eq. 137 which is in turn weaker than Eq. 138. While the P-α relation given by
Eq. 136 is not considered a satisfactory means of describing the experimentally observed
compaction trend for mixtures of Ta + Fe2O3, the other two relations offer moderately
good fits to the experimental data. Unfortunately, both fits also require knowledge of the
crush strength Ps and contain a non-physical fitting parameter n. While a value of the crush
strength could be determined from a few well designed experiments, the parameter n, which
dictates the shape of the compaction curve, requires multiple experiments to be performed
in the incomplete compaction region. As such, without sufficient experimental data points
one would be hard-pressed to predict the compaction behavior of these mixtures.
Compaction data for the Ta + Fe2O3 powder mixture is also fit to the P-λ compaction
model, where results of this fit are shown in Fig. 7.16. For the fit shown in Fig. 7.16 the
yield strength is set to the volume fraction averaged value of 0.135 GPa. One can see that
overall, the P-λmodel does an adequate job of describing the consolidation behavior of this
mixture, with the exception of the data point for shot 823. What is interesting to note about
this model is that the same fit can be achieved with any number of combinations of YS and
n. While the yield strength YS defined in the current implementation assumes a value equal
to the volume fraction averaged YS of the components resulting in n = 0.1049, the exact
same fit can be achieved with any number of different values of the yield strength. As the
predefined value of yield strength increases, so too does the value of the fitting parameter
n, and for values of 0.2 < YS < 2.0 GPa the same fit as that shown in Fig. 7.16 with R2
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= 0.9115 can be obtained with any value of yield strength through the linear relation n =
0.777YS + 6.667 x10−5.
Thus with regard to the P-α and P-λmodels, overall the P-λmodel does a slightly better
job of fitting the experimentally observed compaction data. However, both models lack true
predictive ability as a number of experiments must be performed to obtain the model fitting
parameters. The P-α model relies on an accurate estimate of the crush strength as well as
the empirical fitting parameter n to predict the compaction behavior, while the P-λ model
fit can be obtained with nearly any combination of values for YS and n. Unfortunately,
for the case of both models the parameter n is not assigned any physical basis. In the P-α
model n is purely empirical, while the P-λ model of Grady [12] defines n as a measure of
the homogeneity of the compaction transition, an unmeasurable quantity.
7.3.3 Concluding Remarks
From these results it is observed that while the compaction models (P-α and P-λ) do offer
adequate fits to the data once a number of experiments have been performed, they lack
in predictive ability based on known material properties. Conversely, the model of Wu
and Jing [83], while not performing very well in the incomplete compaction region in its
current implementation, does offer significant advantages over the compaction models. In
the EOS of Wu and Jing [83], the incomplete compaction region is largely defined by the
relationships between the parameters α, Pcrit, and YS , which if the definitions for α and
Pcrit are kept in their original formulation then they all depend on the assigned value of YS .
Thus if one can formulate a better way to define the YS of a powder mixture, it is likely














































































































7.4 Hugoniot Response of Ta + Bi2O3
Results from the parallel plate impact experiments on the Ta + Bi2O3 powder mixture
are given in Table 7.7 and shown schematically in the σ-V plane in Fig. 7.17, where all
the experiments listed in the table were performed with Cu flyers. Measured values are
VImp and US , with all other values calculated using the impedance matching technique.
Numerical values to the right of the ± sign are one half of the uncertainty values calculated
using the technique outlined in Sect. 6.9.
7.4.1 Equations of State
The data listed in Table 7.7 along with fits to the isothermal mass mixing [1], Petrie and
Page [13], Wu and Jing [83], and Krueger and Vreeland [44] models are shown in Figs. 7.18
and 7.19. Also shown in Fig. 7.19, in the σ-V plane, is the predicted solid Hugoniot from
McQueen’s [1] isothermal mixing method. Upon first examination of the model predic-
tions shown in Fig. 7.19 it is evident that the isothermal mixing [1], Wu-Jing [83], and
Krueger-Vreeland [44] models all predict similar behaviors over the majority of the range
investigated, while that of Petrie-Page [13] diverges significantly from the other models, es-
pecially at lower stresses and lower and material velocities. These results are not surprising
when one considers the origin of each compaction model.
Both the isothermal mass mixing [1] and Krueger-Vreeland [44] are isochoric models
which assume the material compresses to solid density at zero stress. As such, one would
expect at the very least to see close agreement between these two models in the low stress
range as both models contain the same origin. Indeed, this is what is observed in Figs. 7.18
and 7.19, as the two predictions are nearly indistinguishable at low material velocities and




















































































































































































































































































































































































































































































































































































































































































































































































































































































falls slightly below the isothermal mass mixing [1] model in the US -uP plane; the two
predictions are nearly indistinguishable in theσ-V plane. Interestingly, this behavior differs
from what was observed earlier when the two models were applied to a system with zero
initial porosity. This indicates that with the incorporation of porosity, the Krueger-Vreeland
[44] model predicts that a slightly greater amount of energy will be deposited with the
passage of a shock wave of amplitude σ with respect to the isothermal mixing model [1].
This is in opposition to the case of the solid material where it is the isothermal mixing
model that predicts the greater amount of energy deposited.
Also predicting a similar response to the aforementioned isochoric models is the iso-
baric model of Wu and Jing [83]. In the model implementation shown in Figs. 7.18 and
7.19 the yield strength of Fe2O3 is assumed for Bi2O3, as the yield strength of α-Bi2O3 is
not known. This results in the same averaged yield strength for the mixture of Ta + Bi2O3
as was reported for the mixture of Ta + Fe2O3, YS = 0.135 GPa. Agreement between the
isochoric and isobaric models is especially good at low stresses and material velocities due
to the relatively low value of the yield strength chosen for the Wu-Jing [83] model. As
stress and material velocity increase, the Wu-Jing [83] model tends to slightly under pre-
dict the stress at a given volume and over predict the shock velocity at a given material
velocity in comparison with the two isochoric models. This type of behavior can be linked
to the energy deposited during shock compaction, with the isobaric model predicting that a
slightly lesser amount of energy will be deposited for a shock wave of a given amplitude.
A distinctly different compaction response is observed for the model of Petrie and
Page [13]. As stress increases, this model initially over predicts and then under predicts
the level of compaction achievable for a given applied stress. With the low stress portion
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of this model based solely on the cold (quasi-static) compaction behavior, this observa-
tion is in line with the work of Sethi and co-workers [67] who found that quasi-static
compaction is more efficient (higher density achievable for a given applied stress) than
dynamic compaction at low stresses. It should also be noted that for the Ta + Bi2O3 sys-
tem, the model of Petrie and Page [13] does predict compaction to full density at elevated
stresses, which is in contrast to the same model prediction for the Ta + Fe2O3 system. This
is observed in Fig. 7.19 as the Petrie-Page [13] prediction approaches the other fully dense
compaction curves (isothermal mixing [1] and Krueger-Vreeland [44]) at elevated stresses,
and is due to the higher initial density in this system. However, agreement of Petrie and
Page’s model [13] is relatively poor over the entire stress range investigated.
From a comparison of the experimentally obtained data with model predictions for the
Ta + Bi2O3 system, it is observed that compaction to full density for this material occurs
at approximately 2.5 to 3 GPa. As stress increases above this, the material follows along
the inert curves for stresses up to the highest obtained experimentally, i.e. at 10 GPa.
This behavior indicates that a shock-induced reaction, measurable on the time scale of the
experiment, may not be occurring during parallel plate impact of the Ta + Bi2O3 system
for stresses up to 10 GPa.
7.4.2 Compaction Model Fits
In applying the P-α and P-λ compaction models, a reference porous Hugoniot that assumes
a zero crush strength is required, and the isothermal mixing model of McQueen [1] is
chosen as this reference. This choice is a matter of personal preference as the Krueger-
Vreeland [44] model could similarly be employed for the reference curve with little effect
on the P-α and P-λmodel predictions. Fits of the experimental data with the P-α predictions
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are shown in Fig. 7.20.
Similar to the mixture of Ta + Fe2O3, the rate independent α fit of Carroll and Holt [10]
(shown as the double dot-dashed line in Fig. 7.20) does a poor job of describing the ex-
perimental compaction behavior observed for the Ta + Bi2O3 mixture. Though this model
incorporates the yield strength, an experimentally measurable quantity, either the form of
this equation or the method of determining the yield strength is unsuitable for describing
this mixture.
The exponential form of α proposed by Grady [88] (shown by the dashed line in
Fig. 7.20) does only a slightly better better job than the previous rate independent model.
The best fit with this relation is found with n = 6.854. With experimental data points in
the lower stress region lying well above the curve predicted by this formulation, the model
is shown to significantly over predict the level of densification achievable at low stresses.
Furthermore, with the crush strength Ps set to 3 GPa, convergence of the model is forced
at this point, and results in an under prediction of the actual density during compaction.
Taking into account the forced convergence at 3 GPa and the relatively poor fit with exper-
imental data points, this formulation is not deemed as a satisfactory method of describing
the compaction behavior of Ta + Be2O3.
The standard α formulation of Butcher and Karnes [6] and Herrmann [5] (shown by
the single dot-dashed line in Fig. 7.20) is by far the best at following the experimentally
observed densification trend. Shots 1021 and SAND-140 fall very close to the model pre-
diction, while shot 1017 falls only slightly below the predicted trend. In this formulation,
Pe and αE are determined using Carroll and Holt’s [10] critical stress relation in a similar
manner as presented for the Ta + Fe2O3 mixture. Using this approximation, inputs in the






























































































determined from a best fit to the experimental data is n = 1.331. Agreement between ex-
perimental results and the model prediction is moderately good for this formulation of α;
however, this may be due more to the entire stress range over which compaction occurs
being relatively small, and the forcing of Ps = 3.0 GPa.
The P-λ fit to the experimental data is shown in Fig. 7.16, where results from shots
1021, 1017, and SAND-140 are used, together with the initial conditions. For this fit,
the yield strength (densification strength) is set to 0.135 GPa and n is allowed to vary to
achieve the best agreement between model prediction and experimental results. With YS
= 0.135 GPa, a best fit of the experimental data is achieved with n = 0.08358. However,
similar to the previous mixture studied, n is found to vary linearly with YS , where the linear
relationship for this mixture is found to be n = 0.619YS + 4.739 x10−5. Thus the same fit
could be achieved with any combination of YS and n that obey this linear relationship.
Immediately observable in Fig. 7.21 is the significantly higher crush strength predicted
by this formulation than is experimentally observed. From the model, it appears that this
material compacts to near full density around 7 to 8 GPa. However, it is shown experimen-
tally (shot 1017) that near full compaction is observed closer to 2.5 to 3 GPa. Discrepancy
between experimental points and the model fit are attributed to the functional form of the
model and the location of the two lowest stress data points (shots 1021 and SAND-140).
By fitting the model to the initial conditions (σ=0, λ=0) and the results from shots 1021,
1017, and SAND-140, the prediction is going to be weighted heavily toward the data points
corresponding to shots 1021 and SAND-140 as they fall near the same location in the σ-λ
plane. Furthermore, with the fit weighted toward these data points, the exponential nature

















































































































From the analysis of the Ta + Bi2O3 material system it is shown that the isochoric equations
of state of McQueen [1] and Krueger and Vreeland [44] as well as the isobaric EOS of Wu
and Jing [83] largely predict the same Hugoniot response for the porous mixture. From
these curves compaction to full density for this mixture is determined to occur somewhere
in the neighborhood of 2.5 to 3 GPa, where the value of 3 GPa has been used in imple-
menting the P-α compaction model. Over the stress range investigated, it is determined
that the model of Petrie and Page [13] is not suited well to describe either the compaction
response or the fully compacted equation of state response of the mixture. With regard
to compaction models, neither the P-α or the P-λ models do an exceptionally good job of
describing the experimentally observed compaction behavior. However, it should be noted
that the lack of a good fit between the models and the experimental data may be due in part
to the limited number of data points in the incomplete compaction region.
7.5 Summation of Results and Trends
Though both mixtures studied in this investigation are thermites comprised of Ta and an
oxide component (Fe2O3 or Bi3O3), large variations in the consolidation behavior of these
systems exist. To begin with, the initial density of the mixtures are such that one is be-
low the anomalous limit of the Hugoniot response while the other is not. This difference
alone limits direct comparison of certain mixture models between the two systems, as some
models are not applicable to lower initial density systems. Furthermore, while the pleni-
tude of data for the Ta + Fe2O3 system warrants greater confidence in a model’s ability to
adequately describe the observed compaction phenomena, the exact opposite is true for the
Ta + Bi2O3 system. Add to this the extremely different morphology for each of the two
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oxides, and similarities in compaction characteristics between the two systems decreases
even further.
However, certain characteristics of the mixtures and underlying phenomena occurring
during the compaction process are shared between both mixtures. For instance, the location
and method by which porosity is removed heavily influences the characteristic shape of
the compaction curves for both mixtures. Although the primary location of voids differs
between the mixtures, the mechanisms by which their removal occurs is of great importance
to the observed compaction characteristics. Also, both powder mixtures possess an inherent
yield strength, and though this property may not be directly determined from the yielding
behavior of the individual solid constituents, as has been shown by the relatively poor fit
for models employing volume fraction averaged yield strengths (Wu-Jing [83] and Carrol
and Holt rate independent P-α [10] models), it may be a property which can be directly
measured from the yielding behavior of the powder mixture.
Keeping these similarities and differences in mind, it is desired that a framework be
found which can bridge the compaction behaviors of these markedly different, yet also
markedly similar, thermite powder mixtures. Of great importance will be finding a common
physical framework within which the compaction of these powder mixtures can be defined.
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CHAPTER VIII
ANALYSIS AND DISCUSSION OF RESULTS
Considering results from the previous chapter, it is observed that the equations of state
and compaction models discussed, in their current forms, vary significantly in their ability
to describe and/or predict the dynamic (shock) compression response of the heterogeneous
powder mixtures. With regard to the equations of state (EOS), their strength lies in the abil-
ity to predict the high stress shock response, after complete consolidation of the mixture
has occurred. For those equations of state that do incorporate a crush-up response (Wu-
Jing [83], Petrie-Page [13]), the densification response predicted lies either well above or
well below the experimentally observed compaction curve. In contrast to the EOS pre-
dictions, the compaction models describe specifically the lower stress crush-up response
of the mixtures, and rely on an appropriately chosen equation of state to characterize the
fully consolidated shock response. In addition, while the dynamic compaction models do
incorporate certain physically measurable properties, P-α(YS , Pe, αE, PS ) and P-λ(YS ),
they also employ a completely empirical fitting parameter n.
As a result, the compaction models’ strength lies in their ability to describe a densifi-
cation trend that has been pre-determined through a number of dynamic experiments; they
lack in true predictive ability. Furthermore, a comparison of model predictions between
the two thermite systems illustrates the inability of these models to consistently predict the
compaction response across multiple heterogeneous systems. What is desired is a common
framework within which one can predict the consolidation behavior of different thermite
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powder systems, specifically the crush strength. Moreover, it would be of even greater ben-
efit if this predicted response could be formulated based on some combination of measur-
able constituent/mixture properties and observations of initial microstructures. The focus
of this chapter is to examine the possibility of developing such a framework.
In developing this framework, the author seeks to answer a few fundamental questions.
First and foremost, is it possible to predict the dynamic consolidation response and crush
strength of a heterogeneous powder mixture without performing a single dynamic experi-
ment? Naturally, the question then arises, can this prediction be validated through experi-
mental results? This chapter seeks to address these questions within the context of the two
heterogeneous thermite powder mixtures investigated. To this end, a systematic, contin-
uum level approach for predicting the crush-up response of highly heterogeneous thermite
powder mixtures will be presented. Within this analysis the quasi-static yielding behav-
ior, initial morphology (configuration), and volumetric distribution of both the individual
constituents and the powder mixture are of primary importance.
8.1 Analysis Framework
In developing a framework to predict the shock consolidation response of thermite powder
mixtures, one needs to first identify the key features of compaction that are to be con-
tained within this framework. Although it would be most desirable to capture the entire
densification trend, from small initial compactions incrementally up to full densification
(crush), past work has shown that continuum level approaches to this type of problem often
result in models that are well suited for describing only specific regions of compaction.
Considering the enumerable intricacies associated with the densification of powders in the
incomplete compaction regime, where not only strength, but also rate dependencies, and
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powder morphology can strongly influence the observed response, the continuum level ap-
proach developed here will seek only to predict the stress at which full compaction occurs.
However, in formulating this approach it is prudent to examine both the initial configuration
of the powder mixture as well as the yield properties thereof.
8.1.1 Configurational Considerations
It has been shown that initial powder configuration is a parameter that must be considered
when describing both the densification [16, 92] and reaction [72, 130] responses in ener-
getic powder mixtures. Thus, if an attempt to predict the crush strength in heterogeneous
powder mixtures is to be made, it is necessary to examine the initial powder configuration
and determine if there are any features which would suggest a particular component or
characteristic may dominate the compaction response. At minimum, one could examine
micrographs of the loose powder mixtures to obtain the necessary configurational informa-
tion, and at best, micrographs of the initial (pre-compressed) powder configuration. For the
mixtures investigated, both types of micrographs are available, and are shown in Fig. 8.1.
One of the key features of any mixture is the composition of the ’matrix’ material. To
be defined as a matrix, one component of the mixture must be clearly shown to surround
the alternate component, such that discrete and isolated particles of the non-matrix material
are observed. For the Ta + Fe2O3 mixture, Fig. 8.1(b) clearly shows discrete particles of
Ta that are nearly completely surrounded by Fe2O3. Thus in this mixture, the matrix is the
Fe3O3 component. Aside from the occasional isolated void pockets found within localized
region of Ta (shown in Fig. 7.7(b)), the majority of the voids in the Ta + Fe2O3 mixture
are contained within the matrix of porous and/or agglomerated Fe2O3. Thus, upon first
inspection, the configuration of this mixture would lead one to suppose that the removal of
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voids may be heavily influenced by the consolidation behavior of Fe2O3.
Figure 8.1(d) shows the pre-compacted mixture on which impact experiments were
performed for the Ta + Bi2O3 powder system. Immediately apparent from Fig. 8.1(d)
is that the two components in this mixture are more evenly distributed than the previous
mixture, and that it is the metal (Ta) component rather than the oxide that seems to form
the matrix. As such, the bulk of porosity in this mixture is located within localized regions
of Ta. Again, one may suppose that the deformation and yielding properties of Ta will
dominate the consolidation behavior of the mixture.
The presence of distinct particle contacts is also observed in the Ta + Bi2O3 mixture.
It has been shown by Kumar and co-workers [61] and others [71, 132] that during the
process of shock consolidation, particle contacts are the primary locations where stress is
transfered. Thereby, densification is initiated at and around these contacts through particle
deformation and fracture. As such, the localized stresses and strains at these points of
contact can be significantly larger than those of the bulk. This phenomena may in turn
have a pronounced effect on the strength properties of rate dependent materials, such as Ta.
In the Ta + Bi2O3 system, the majority of contacts within the mixture are Ta-Ta contacts.
Therefore, the rate dependence of Ta [133], and its effect on yielding behavior would need
to be accounted for explicitly, if an accurate response is to be predicted over the entire
compaction region.
Key aspects of the initial configuration that need be considered in developing a frame-
work to predict the densification response in thermite powder mixtures are:
1. Identify the matrix material. Are there any features of the matrix that would lead one
to believe it would dominate the compaction process?





Figure 8.1: SEM images showing Ta + Fe2O3 mixture in (a) loose and (b) 49 % TMD
precompacted state, and Ta + Bi2O3 mixture in (c) loose and (d) 62 % TMD precompacted
state.
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within a porous structure?
3. Establish the primary mode of stress transfer. Is this through the growth and defor-
mation of particle contacts or through the crushing up of porous aggregates?
4. Identify the differences in yield properties between the components. Are any of these
materials, especially the matrix material, rate sensitive?
For the Ta + Fe2O3 system, Fe2O3 is identified as the matrix material, and its yield
properties are found not to be rate sensitive. In addition, with Fe2O3 composing the matrix,
the primary mode of stress transfer in this system is through the aggregates of porous Fe2O3,
where the passage of stress results in the crushing up of Fe2O3. For the Ta + Bi2O3 system,
Ta is the matrix material, and its yield properties are rate dependent. In this mixture, stress
is transferred primarily through discrete Ta-Ta particle contact points, and the majority of
void space is located in the volume surrounding these contacts.
With yield properties of the matrix materials differing between systems, it is expected
that the path of densification in the incomplete compaction regime, where strength effects
dominate will be significantly different between the two systems. As the matrix is com-
posed of a rate insensitive material in the Ta + Fe2O3 mixture, it is expected that a rate
independent compaction model may well describe the consolidation behavior of the mix-
ture over the entire stress range up to crush. On the other hand, in the Ta + Bi2O3 mixture
where the matrix (Ta) is rate sensitive, the consolidation behavior may not be well repre-
sented by a rate independent model. However, as stress is increased to levels above the
yield strength and beyond, the densification responses of the two mixtures will tend to con-
verge toward their respective crush strengths, a value which will soon be shown to depend
on measurable quasi-static densification strength properties.
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It should be noted that at present, the postulations as to the yielding behavior of the
mixtures have been made based on observations of microstructures in the pre-compressed
(initial) configuration, shown by Figs. 8.1(b) and (d). However, similar predictions could
be made from the loose powder configurations, as shown in Figs. 8.1(a) and (c).
8.1.2 Densification Strength Properties
Determining the rate independent densification strength properties of the constituents and/or
mixtures is the primary component in the current approach used to predict the dynamic
crush strength. In determining these properties, what is actually desired is a measure of the
resistance the powders and mixtures offer to densification. As illustrated in the previous
chapter, certain equations of state and compaction models, e.g. the Wu-Jing [83] and P-
α [10] models, go as far as to require certain yield properties as input parameters into their
models. However, the poor fit of these models with experimental data, shown in Figs. 7.14,
7.15, 7.19, and 7.20, clearly indicates that the current methodology used to extend yield
properties to describe the compaction behavior of the mixtures is flawed. Recall, the yield
strength in both relations was determined from volume fraction averages using the rule of
mixtures for the individual yield strengths of the solid materials (YS = f1YS 1 + f2YS 2).
Furthermore, the actual yield strength of Bi2O3 is at present unknown, and the yield proper-
ties of Bi2O3 were assigned to those of Fe2O3. This further exacerbates the ineffectiveness
of any model which incorporates this yield.
For these powder systems, and specifically for the mixture involving Bi2O3 (whose
yield properties are unknown), it is desired that a densification strength parameter be de-
termined. This densification strength parameter should capture the powders resistive effect
to densification, and can considered as a corrolary to the flow strength for solids. It should
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also describe the stress necessary to further densify the powder, regardless of compaction
mechanism. This is important because thermite system are composed of metal and oxide
components, two classes of materials that typically have very different deformation mech-
anisms. However, at high stresses and small particle sizes (comparable to the conditions
in this work), even extremely brittle materials like diamond and silicon [134] have been
found to undergo plastic deformation during consolidation, serving to unify the compaction
mechanisms occurring during dynamic loading between different material systems.
Recall from the discussion on compaction models, that the P-σY model provides a
means by which one can determine an effective yield strength for homogeneous monosized
powders. In this model the yield strength of the powder is determined through a functional
relationship that assumes the initial powder configuration is such that rearrangement has
already taken place. This model, with slight modifications, will be used for determining
the densification strength parameter of the powders and powder mixtures because of the
limited assumptions in its derivation. Recalling the practical extension of the P-σY model
put forth by Meyers and co-workers [85] from Sect. 4.1, it is found that there are two main
assumptions. The first is that particles are spherical, and the second is that plastic yield-
ing at the particle level occurs at stresses greater than 2.97 times the yield strength of the
powders.
With regard to the first assumption, Fischmeister and Artz [20] have shown that dif-
ferences in particle shape (and size) become less important as the compaction stress is
increased. Thus if the model is applied to densification at higher stresses, the effects of
particle shape effect can be minimized. Application of the plastic yield criterion to the
constituents and mixtures requires further discussion. If it is assumed that the model is
to be applied only to the densification response at higher stresses, it is likely that at these
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higher stresses the material has already transitioned (at least to some degree) from elastic to
plastic yielding. As such, in the higher stress regime, one is not measuring a yield strength
in the strict sense of the term, but rather a resistance to densification that takes into account
both elastic and plastic yielding, with the majority being plastic at higher stresses. For brit-
tle particles, some finite amount of plastic deformation does take place, even in extremely
brittle particles, prior to the onset of fracture [135] such that the plastic yield criteria is not
thought to limit the applicability of the P-σY model to exclude thermite powder systems.
Yield properties of the constituents and mixtures reported previously using the P-σY
model (see Tables 7.1 and 7.2), were determined over the entire densification range, in-
clusive of particle rearrangement. Though rearrangement is shown to have only a minor
effect on the P-σY models ability to describe the compaction behavior of Ta, its accuracy
is significantly reduced in the case of both the oxide constituents (Fig. 7.1) and the mix-
tures which contain them (Fig. 7.4(a) and Fig. 7.5(a)). As such, if the density at which
rearrangement has ceased can be determined, and the P-σY model can be applied to only
the compressional response of the powder at stresses where rearrangement no longer oc-
curs (at higher stresses), it is expected that agreement between the P-σY model and the
experimentally observed quasi-static compaction data should improve significantly. Recall
determining the effective yield, or densification strength parameter, at higher stresses also
minimizes the particle size effect, thus allowing added confidence in the computationally
fit apparent yield strength of the powder.
To determine the point at which rearrangement has completed in the constituents and
mixtures, one could simply choose 64 % TMD similar to Fischmeister and Artz [20] in thier
original development of the P-σY model [20], as this is the density at which rearrangement
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ceases in a random dense packing of monosized spheres. As powders in the current investi-
gation are not monosized, nor perfectly spherical, this option presents a worst case scenario
for determining the termination point of rearrangement. To arrive at a more accurate range
of stress, the P-PAct model is used to systematically predict this value.
Recall the P-PAct model outlined in Sect. 4.2 predicts both a stress activated and a non-
stress activated process, where the non-stress activated process is defined as corresponding
to particle rearrangement. From the model parameter Pl in Tables 7.1 and 7.2, which
is determined from a best fit of the quasi-static data, a measure of the stress at which
rearrangement is the dominant mechanism can be found. However, it is not the stress
at which rearrangement is dominant that is required, but rather the stress (and density)
at which rearrangement has ceased. From the exponential nature of the P-PAct equation
(Eqn. 94), a value of stress four times that of Pl results in a contribution to compaction
of less than 2 % based on rearrangement. This effectively supposes that rearrangement
has completed at stresses four times greater than the stress Pl. As such, in this analysis
a value of four times that of the Pl reported in Tables 7.1 and 7.2 is taken as the stress at
which rearrangement has terminated. Inserting this value of stress into Eqn. 94 yields the
corresponding density at which rearrangement has ceased.
Using the values of stress and density so determined, the form of the P-σY model given
by Eqn. 91 is modified slightly to reflect the fact that the data over which the model is now
being applied no longer occurs at an initial stress equal to zero, but rather at some elevated
stress P0. The modified form of the P-σY model is given by






where P0 and ρ0 are the values of stress and percentage theoretical maximum density de-
termined from the P-PAct model for the point at which rearrangement has terminated and
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σD describes the resistance of the powder to densification, hereafter referred to as the den-
sification modulus. Using this equation, the densification modulus is determined for the
constituents and the thermite powder mixtures for the stress range above which rearrange-
ment has ceased. Fits of Eqn. 139 to the experimentally obtained quasi-static compaction
data are shown in Figs. 8.2 and 8.3, and model parameters for the fits shown are given in
Table 8.1.
Table 8.1: Fitting parameters for experimental data to the modified P-σY model in the
region of compaction where rearrangement no longer occurs for constituents and mixtures.
Values of ρ0 and P0 are determined from P-PAct model at a value of four times Pl for the
respective component/mixture.
ρ0 P0 σD R2
(% TMD) (MPa) (MPa)
Ta 0.532 193 802 0.999
Fe2O3 0.556 290 2863 0.984
Bi2O3 0.795 362 487 0.998
Ta + Fe2O3 0.675 553 1683 0.984
Ta + Bi2O3 0.679 281 634 0.999
Without rearrangement, the modified P-σY model is shown to predict the experimen-
tally observed compaction curve much closer. This behavior is observed for the starting
components (Fig. 8.2) as well as the thermite powder mixtures (Fig. 8.3). Though still
following the densification trend quite well, the poorest fit of the modified P-σY model is
shown for fits of Fe2O3 and the Ta + Fe2O3 mixture. The poorer fit is thought to result
from the variation in both morphology and yield behavior of Fe2O3 from that of the ideal
model assumptions. However, with model predictions still yielding fits with an R2 value





Figure 8.2: Quasi-static compaction curves in the range where rearrangement has ceased
for (a) Ta, (b) Fe2O3, and (c) Bi2O3 shown by broad (red) line. Fits of the data to the
modified P-σY model in this range are illustrated by the dashed (blue) line.
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Figure 8.3: Quasi-static compaction curves in the range where rearrangement has ceased
for (a) Ta + Fe2O3 and (b) Ta + Bi2O3 shown by broad (red) line. Fits of the data to the
modified P-σY model in this range are illustrated by the dashed (blue) line.
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systems investigated. At this point, densification moduli for all powders and powder mix-
tures have been determined, and can now be used to predict the crush strengths for the
powder mixtures.
8.1.3 Application to Dynamic Compaction Data
With the densification moduli for the powder constituents and their mixtures determined, a
look at how these values can be used to predict the dynamic crush strength of the thermite
powder mixtures is now presented. In applying the quasi-statically determined densifica-
tion moduli, a method is desired that will encompass not only both of the heterogeneous
systems currently under investigation, but also one that could be extended to many other
heterogeneous systems. Of the models investigated, it is observed that only two are ap-
plicable for initial powder configurations both above and below the anomalous Hugoniot
limit. These two models are the Wu-Jing [83] model, and the model of Petrie and Page [13].
Both models, in their current implementation, have been shown to not match well with ex-
perimentally obtained compaction data. The Petrie and Page [13] model is shown to under
predict the density achievable at a given stress, while the model of Wu and Jing [83] is
shown to over predict the same trend. Can either of these models be modified to reflect the
densificaiton moduli of the powder previously determined? The answer is yes, the model
of Wu and Jing [83] is well suited to this purpose.
Recall that in its previous implementation, the Wu-Jing [83] model had used the volume
fraction averaged yield strength of the solid constituents to determine the critical stress at
which plastic deformation begins. With the extremely low yield strength reported in Ta-
ble 6.3 for Fe2O3 it is not surprising that incorporation of this value into the Wu-Jing [83]
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model results in a significantly lower crush strength than is observed experimentally. More-
over, with the yield properties of Bi2O3 unknown, and taken to be equivalent to those of
Fe2O3, uncertainties in the predicted properties of the mixture containing Bi2O3 are am-
plified further. It is obvious from the fits previously shown, Figs. 7.14 and 7.19, that us-
ing the yield properties of the solid for predicting the powder response can lead to highly
non-representative fits. The effective yield properties of the powders, specifically, the den-
sification moduli calculated previously, will be incorporated into the Wu-Jing [83] model
in an attempt to obtain better agreement between model predictions and an experimentally
determined crush strength.
The densification moduli determined for the powders and their mixtures given in Ta-
ble 8.1 are incorporated into the Wu-Jing [83] model to replace volume fraction averaged
yield properties of the solid, and the predicted compaction responses are obtained for both
mixtures. The model prediction based on the measured densification modulus, combined
with the experimentally obtained dynamic compaction data and plotted for the Ta + Fe2O3
system in Fig. 8.8.
What is immediately noticed in Fig. 8.4 is the remarkably good agreement between
experimental data and model predictions for not only the crush strength, but also the ma-
jority of the experimental data in the incomplete compaction region. With the exception of
shots 756 and 823, the prediction follows along the experimentally obtained data through
the incomplete compaction region and approaches the crush-up to full densification at ap-
proximately 6-7 GPa. To determine whether one constituent or another is dominating the
compaction response of the mixture, the crush-up response predicted from the densifica-
tion moduli of the constituents as well as a volumetric average of the two densification





























































































































































































































the data are those based on the densification modulus obtained directly for the mixture
given in Table 8.1 (double dot-dashed line in Fig. 8.5) and that calculated by averaging the
densification moduli of the individual constituents (dashed line in Fig. 8.5).
Also shown in Fig 8.5 are the densification responses obtained from the Wu-Jing [83]
model if the moduli of Ta (dotted line) and Fe2O3 (dot-dashed line) are assumed. These
curves illustrate what the crush and compaction response would look like if either Fe2O3
or Ta were dominating the densification response. One can see that the Ta prediction falls
well below the experimental data, while the Fe2O3 prediction lies well above. The crush
strengths predicted by these curves are approximately 3 and 10 GPa, respectively. The
actual crush strength of the mixture is found to be between 6 and 7 GPa, and it is shown
in Fig. 8.5 that both the measured densification moduli and the calculated 50 % mixture
moduli predict crush strengths within this range.
For this mixture, it is shown that neither Ta nor Fe2O3 dominates the densification re-
sponse of the heterogeneous mixture. Rather, the response appears to be controlled by
the densification moduli of the mixture as a whole. Thus, for the system of Ta + Fe2O3,
whose matrix is composed of a non-rate sensitive material (Fe2O3), the rate independent
quasi-statically determined densification moduli of the mixture combined with the rate in-
dependent P-α formulation in the Wu-Jing [83] model are shown to not only describe the
crush strength of the mixture well, but also the material response in the incomplete com-
paction regime. Agreement between experimental data and the model prediction in the
incomplete compaction region is attributed to the matrix material being composed of a rate
insensitive material.
In a similar manner, model predictions are plotted with experimental data for the Ta +




























































































































































is predicted well with similar approximations and model implementation. However, upon
further inspection of Fig. 8.6 it is observed that experimental data in the incomplete com-
paction region does not match well with any of the predicted densification paths. Though
the approached developed in this dissertation is not formulated to describe the compaction
response in this region, it is useful to examine the origins of this deviation to better under-
stand the compaction processes occurring in these mixtures.
In formulating a hypothesis as to why the experimental data in the incomplete com-
paction region is so far removed from the model predictions in the Ta + Bi2O3 mixture,
one looks for insights from the initial powder configuration and material properties. Re-
calling the initial powder configuration shown in Fig. 8.1(d), it is observed that Ta com-
prises the matrix material. One explanation for the deviation in predicted and measured
responses in the incomplete compaction regions is due to the rate sensitive yield prop-
erties of Ta. To examine the effect of rate sensitivity on the densification moduli of the
mixture, the constitutive behavior of Ta from Chen and Gray [133] is applied within the
Johnson-Cook [136, 137] strength model. For shots 1021 and SAND-140, the total strain
experienced by the compact is defined through ε = (V − V00)/V00 where V is the shock
compressed volume and V00 is the initial volume of the powder. From this a strain of ε ≈
0.19 is obtained. Using the rise time of the propagated stress pulse from the PVDF gauge,
trise ≈ 170 ns, and dividing the total strain by the rise time, the strain rate in the mixture is
found to be on the order of 106/s. Neglecting temperature effects, the yield strength for Ta
predicted from the Johnson-Cook [136] model is slightly over 1 GPa at 106/s. Increases in
temperature result in decreased predicted yields.
The strain rate so determined is based on the total strain in the compact, and it is ex-

























































































































































































much higher than those of the bulk, thus further increasing the rate sensitive yield prop-
erties of Ta. To examine how this rate sensitivity might effect the consolidation response
of the mixtures, results of the Wu-Jing model based on the densification modulus of the
mixture, as well as a moduli of pure Ta assuming a rate insensitive yield strength, and those
of Ta with rate sensitive yield properties predicted at 106/s and 109/s are shown in Fig. 8.7.
Shown in this figure is that increasing the mixture moduli value to reflect the increase in
strength due to the rate sensitive yield behavior of Ta results in the predicted densifica-
tion curves in the incomplete compaction region lying much closer to the experimentally
observed data. However, increasing the moduli as such also increases the predicted crush
strength to a value well above that which is observed experimentally. Thus it is shown that
incorporating rate sensitive strengths into a rate insensitive compaction model to reflect the
densification response in the incomplete compaction region results in unrealistic values for
the crush strength.
From Figs. 8.5 and 8.6 it is shown that the Wu-Jing [83] prediction based on the rate
independent densification moduli of the powder mixtures determined using the current ap-
proach, is able to predict the experimental crush strength in both mixtures. Furthermore,
this formulation also predicts well the densification behavior of the Ta + Fe2O3 mixture
in the incomplete compaction region. This trend is not observed for the Ta + Bi2O3 mix-
ture as predictions fall well below the experimentally determined data in the incomplete
compaction region. One explanation for the variation in model prediction between the two
incomplete compaction regions can be formulated if one considers the stress levels active
in each of these regions.
In defining a crush strength, one is effectively defining a level of stress that is well





























































































































































































flow freely and fill the surrounding voids. Therefore, the influence of dynamic strength
effects would be greatly reduced at values of stress greater than and equal to those of the
crush. This is why models that do not specifically incorporate strength effects, such as the
isochoric Mie-Grüneisen extrapolation [15] and the energy partitioning Krueger and Vree-
land [44] model, can predict the high-stress Hugoniot response with significant accuracy.
For stresses below the crush, dynamic strength properties of the components influence
the Hugoniot response of the mixtures, and can result in deviations between model pre-
dictions and experimental data in the incomplete compaction region. As such, any model
which seeks to predict the entire crush-up response of a material (or mixture) must be
able to include a means to incorporate strength effects that may dominate in the low stress
range. In addition, at these low stresses other effects such as those due to particle morphol-
ogy, size, shape, roughness, etc. are expected to also influence the compaction response.
Thus, a continuum level approach to describe these types of phenomena is not practical. A
more realistic approach to solving these types of problems is through meso-scale (particle
level) simulations, especially those employing imported experimental microstructures [79].
In summation, while lacking agreement between predicted and experimental results in the
incomplete compaction region, the continuum level approach developed in this dissertation
does, as desired, predict the crush strength in both of the thermite powder mixtures inves-
tigated. A look is now given to how this approach might be used to predict the compaction
response in other thermite mixtures.
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8.2 Model Extension
With a continuum level approach taken, a methodology has been developed to predict the
crush strength in thermite powder mixtures based solely on the quasi-static loading be-
havior of the materials and/or mixture. Furthermore, this methodology has been shown to
work quite well for two separate mixtures whose matrix materials are composed of rate
sensitive and non-rate sensitive materials. The approach has been successfully applied to
equivolumetric mixtures of Ta + Fe2O3 and Ta + Bi2O3, for which experimental data were
obtained. The approach is now extended to other configurations. First, a look is given to
the effect of volumetric distribution on the compaction behavior, e.g. equivolumetric versus
stoichiometric. Next, mixtures of Al + Fe2O3 are examined.
In the case of the thermite mixtures investigated thus far, the constituents have been
combined in an equivolumetric ratio; that is, there are equal volumes of the metal and
oxide components. Recall, the equivolumetric ratio was chosen because the large density
difference between constituents in the stoichiometric configuration reduces the amount of
contacts between the reactive components. By adjusting the volumetric ratio to unity, the
components become more evenly distributed, which should increase the propensity for
mechanically initiated reactions. At the same time, the overall heat of reaction is reduced
as one goes away from the stoichiometric ratio. Thus, one can see that there is a trade-off
between initiating a reaction to completion and the performance based on the total energetic
yield of the components. What then, is the effect of varying stoichiometry on the observed
densification trends in these mixtures, and how might this be related to reaction initiation
conditions?
The predicted σ-V densification responses of the Ta + Fe2O3 and Ta + Bi2O3 mixtures
in the equivolumetric and stoichiometric ratios, are shown in Figs. 8.8 and 8.9. It should
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be noted that all mixtures are for an initial porous density of 50 % TMD, and that the
densification moduli used in the Wu-Jing [83] model are volume fraction averages of the
constituent densification moduli based on the equivolumetric or stoichiometric ratios of
the constituents. Also shown in the figures are the densification responses of the mixtures
assuming they are controlled by one of the constituents, e.g. either the metal or the oxide.
In examining the different densification curves for the Ta + Fe2O3 mixtures, shown in
Fig. 8.8, one can see that varying the ratios of the constituents influences the densification
response and results in a wide range of predicted crush strengths. Altering the ratio of
constituents from equal volumes to the stoichiometric configuration increases the predicted
crush strength from approximately 7 to 9 GPa. Furthermore, if the response were controlled
solely by the crush response of Fe2O3, the crush strength would raise to nearly 11 GPa.
Thus, for the Ta + Fe2O3 system, increasing the volume percentage of Fe2O3 to that of the
stoichiometric ratio (≈ 70%), results in an increased crush strength. On the other hand, for
the Ta + Bi2O3 mixture, where the oxide is now the more compliant component, altering
the ratio of constituents from equivolumetric to stoichiometric results in a decrease in the
predicted crush strength, as shown in Fig. 8.9. The total range of predicted crush strengths
resulting from a Ta dominated or a Bi2O3 dominated mixture is just slightly over 1 GPa.
As such, the relatively similar compliance between Ta and Bi2O3 results in a crush strength
difference between the equivolumetric and stoichiometric configurations of only ≈ 0.25
GPa.
From the predictions shown for the different volumetric configurations in Figs. 8.8 and
8.9, information regarding the reaction initiation conditions for different volumetric ratios
of thermite mixtures can be obtained. Consider the schematic shown in Fig. 8.10, which










































































































































































































































































































































































































Figure 8.10: Schematic illustrating the vastly different PdV energies (hatched regions)
associated with fully densifying two materials whose crush strengths differ. Note the energy
consumed during consolidation may not be available for initiation of reaction.
crush strength. If the two crush curves represent a single mixture (say the Ta + Fe2O3 mix-
ture) in different volumetric configurations, it is evident that a significantly greater amount
of energy (hatched region in Fig. 8.10) goes into densifying the mixture having the higher
crush strength. Hence for a given applied stress, σi, a significant portion of the energy
is consumed during consolidation and so may not be available for initiation of reaction.
Such that a material with a higher crush strength may thus have a higher reaction initiation
threshold.
For the Ta + Fe2O3 mixture, where the stoichiometric configuration results in a higher
crush strength, this result is intuitive as the stoichiometric mixture has less inter parti-
cle contacts between the reactive constituents and may require a higher energy to initiate.
However, the exact opposite is true for the Ta + Bi2O3 mixture, where the stoichiometric
mixture now has the lower crush strength. Thus, attempting to infer a relative magnitude
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for the reaction threshold based simply on which mixture has the more even volumetric dis-
tribution may not be justified. Rather, it is the crush strength, dominated by configurational
effects, that influences the threshold condition for reaction initiation.
To further investigate the effectiveness of the approach developed, mixtures of Al +
Fe2O3 are examined in conjunction with the crush strength predictions from the two equiv-
olumetric mixtures previously covered. Of particular interest is how the variation in densi-
fication moduli of the constituents and mixtures effects the predicted crush strength. Alu-
minum is chosen because its shock properties are well characterized, its strength is much
lower than Ta, and being fcc, its strength properties are not rate sensitive; thus allowing for
the approach to be applied to a wide variety of thermite systems.
The densification moduli of an equiaxed Al 6061 powder are determined using the
approach previously outlined in Sections 8.1.2 and 8.1.3. The initial powder morphology
and modified P-σY fit to the non-rearrangement portion of the quasi-static compaction data
is shown in Fig. 8.11. The stress at which rearrangement has ceased, as determined through
the P-PAct model, is P0 = 13 MPa. Fitting the modified P-σY model given by Eqn. 139 to
the quasi-static data results in densification moduli for the aluminum powder of σD = 224
MPa.
Using the densification moduli for aluminum, the dynamic crush strength for a mixture
of Al + Fe2O3 is determined for an initial density of 50 % TMD. It should be noted that
this mixture is combined in an equivolumetric ratio. For the Al mixture, the predicted
crush behavior is based on a calculated 50 % mixture moduli of the components. This
is thought to be a sufficiently accurate approach as the calculated 50 % moduli and the
measured densification moduli for the Ta containing mixtures were found to predict similar
responses. The results of the predicted Al mixture response, together with similar predicted
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Figure 8.11: Initial powder configuration of aluminum powder, with approximately
equiaxed dimensions of 50x50x75 µm, and fit of experimental quasi-static compaction data
without rearrangement to the modified P-σY model.
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Figure 8.12: Plot showing the predicted crush strengths of various thermite powder mix-
tures based on densification moduli determined quasi-statically. The densification moduli
of the mixtures containing Al are determined from calculated 50 % mixture moduli of the
constituent moduli, and mixtures containing Ta are measured.
results for Ta + Fe2O3 and Ta + Bi2O3 mixtures, also at an initial density of 50 % TMD,
are shown in Fig. 8.12. For the Ta mixtures, the densification moduli given in Table 8.1 are
used.
One can see from Fig. 8.12 that by varying the components in the mixtures, the ap-
proach clearly predicts a wide range of crush strengths, a span of greater than 3 GPa for
the systems investigated. Looking first at the Al + Fe2O3 mixture, the calculated densifi-
cation moduli of 1.54 GPa results in a predicted crush strength of approximately 4 GPa.
This is almost 2 GPa less than the crush strength for the Ta + Fe2O3 mixture which has
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a densification moduli of only 1.68 GPa. From this observation alone, one can see that
only minor changes in the densification moduli can result in significant differences in the
predicted crush strength. Interestingly, reducing the densification moduli by slightly more
than half, to that of the Ta + Bi2O3 mixture (σD = 634 MPa), results in a reduction in crush
strength of only 1.5 GPa. Thus a direct multiplication of crush strengths based on the ratio
of densification moduli is not appropriate, and full implementation of the model approach
is needed for describing the densification response of heterogeneous powder mixtures.
In comparing the Ta + Fe2O3 mixture with the Ta + Bi2O3 mixture, it is observed that
the densification modulus of the oxide component significantly effects the predicted crush
strength for the mixture. This is due to the widely different moduli values reported for the
oxides, see Table 8.1. Recall from Fig. 8.5 that if the predicted crush strength for the Ta +
Fe2O3 mixture were based on the densification modulus of only Fe2O3, the crush would be
approximately 11 GPa, as opposed to a crush strength of < 2 GPa if it were controlled by
Bi2O3. Thus any mixture containing Fe2O3 of the same morphology as that in the current
investigation is expected to have a significantly higher crush strength than those containing
Bi2O3.
It is also of interest to note how the magnitude of the metal components densification
modulus compares with that of the oxide. In the Al mixtures, it is found that Al is always
the more compliant component. For the Ta + Fe2O3 mixture, Ta is the more compliant
component, while in the Ta + Bi2O3 mixture, Bi2O3 is more compliant. If one considers
only the yield properties, a more compliant component would indicate a greater amount
of deformation during compaction. However, with regard to describing the deformation
characteristics that occur during consolidation one must also consider particle morphology.
To fully determine the effect of morphology in the densification response of the mixtures,
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careful analysis of either post-shocked microstructures, or meso-scale simulations, or both
would be required. Thus, while the current approach does capture an important aspect of
the compaction process, namely the crush strength, it still leaves certain questions unan-
swered.
As a further extension and validation of this approach, the Al + Fe2O3 system is re-
examined along with time resolved data for a 50%-50% volume mixture found in the liter-
ature [138]. The experiments were carried out in a similar fashion as those in the current
investigation, using PVDF gauges to measure the shock response in the powder mixture.
Unfortunately, no images of the starting powders are available; however, the reported par-
ticle size for both the Al and Fe2O3 is approximately 15 µm. Powders are pre-compressed
to 53 %TMD, and the quasi-static σ-ρ relationship for densities of 53 and 72 % TMD is
known. The stresses corresponding to these densities are found to be 22 and 135 MPa,
respectively. From this limited information, an estimate of the densification modulus of the
mixture can be obtained.
Using the modified P-σY model with P0 = 22 MPa and ρ0 = 53 % TMD, Eq. 139 is fit
to the two data points available and the densification modulus for the mixture is determined
as σD = 181 MPa. Recalling that for the Ta + oxide mixtures the approximate density at
which rearrangement was determined to no longer occur was 68 % TMD, it is hypothesized
that rearrangement may not be complete for the Al + Fe2O3 mixture at 53 % TMD. If this
is the case, the densification modulus of σD = 181 MPa is expected to be lower than that
which would be determined if the measurement were taken using compressional data in the
non-rearrangement region. To get an estimate as to what the modulus might be in the Al
+ Fe2O3 system, if the calculated σD did not incorporate rearrangement, the value of σD
is recalculated for the Ta + oxide mixtures using quasi-static compaction data beginning
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at 53 % TMD. The densification moduli of the mixtures obtained using non-rearrangement
data only and with the data beginning at 53 % TMD is shown in Table 8.2.
Table 8.2: Fitting parameters for experimental data to the modified P-σY model in the
region of compaction where rearrangement no longer occurs and beginning at 53 % TMD.




Non-Rearrangement 53 % TMD
Ta + Fe2O3 1683 1197
Ta + Bi2O3 634 607
The largest difference in the two sets of calculated values for σD are found in the Ta
+ Fe2O3 mixture. The densification moduli calculated using only non-rearrangement com-
paction data is determined to be 1.4 times that using data starting at an initial density of 53
% TMD. With Fe2O3 also being a constituent in the Al mixture (albeit of a different par-
ticle size), this multiplication factor is applied to the previously measured σD value in an
attempt to account for the inclusion of rearrangement in the previously determined densifi-
cation modulus; the adjusted σD is calculated to be 253 MPa. Results of model predictions
using both values of the densification moduli, σD = 181 MPa and σD = 253, are shown in
Fig. 8.13.
In an effort to keep the analysis technique similar across all time resolved systems,
the impedance matching method was used to determine the stress and relative volumes
shown in Fig. 8.13 from the measured values of shock velocity (toe-to-toe) given in refer-
ence [138]. From the densification curves shown in Fig. 8.13, it is apparent that the two
crush strengths predicted using the the different σD values differ only slightly. As such,
both predictions are shown to fall within close proximity to the experimental point 9713-B,
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= 253 MPasY
Figure 8.13: Plot showing the predicted crush strengths of an equivolumetric Al + Fe2O3
mixture based on densification moduli of 181 and 253 MPa. Experimental data points are
taken from [138].
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which is near the crush. With only two experimental points it is difficult to draw a definitive
conclusion as to the true value of the crush strength. However, agreement between model
predictions and the single experimental result near the crush strength suggest that the ap-
proach put forth in this dissertation is also valid for the Al + Fe2O3 system. For further
validation of the approach developed here, additional systems should be investigated.
This work uses a continuum level approach to solve for the dynamic crush strength
in thermite powder mixtures. What is experimentally measured is the stress-density re-
lationship for the powders and powder mixtures; from which a densification modulus is
determined using a modified form of the P-σY model. The densification modulus is sub-
sequently inserted into the Wu-Jing [83] model, where the compaction to full density is
controlled by the rate independent form of the P-α [10] model, and a predicted value for
the crush strength results. From this, one can see that the predicted crush strength relies
heavily on the measured value of the densification modulus and the P-α formulation cho-
sen in the Wu-Jing [83] model. With the P-α formulation consistent across the multiple
systems investigated, the variations observed in the predicted values of the crush are de-
pendent on the measured densification modulus. As such, it is important to discuss what
a particular measured value for the densification modulus means in terms of powder and
mixture properties.
In attempting to achieve a better understanding of the meaning of σD, recall the form of
the modified P-σY model used in this investigation given by Eqn. 139 and re-written below,
where density is reported in percentage theoretical maximum density:







Having addressed the assumptions within this model in Sections 4.1 and 8.1.2, the re-
sulting functional form is now discussed, addressing each term. The term P0 gives the ini-
tial stress at which the model is applied, corresponding to the density ρ0 as determined from
the P-PAct model. The next two terms, 2.97ρ2, are a result of particle level yielding [59]
and geometric considerations [85], respectively. The fractional term involving densities
is of particular significance because it provides a quantifiable measure of the compaction
process. The denominator (1 - ρ0) can be thought of as the total amount of compaction
available to the system, while the numerator (ρ - ρ0) represents the instantaneous amount
of compaction that has occurred as a result of the stress PY . Thus, this term is essentially the
ratio of the instantaneous compaction resulting from a given applied stress, relative to the
total compaction available. Furthermore, controlling this ratio (the measured compaction
behavior) is the densification modulus of the powder mixture σD. Thus, σD is a measure of
the stress required to further densify a powder mixture from initial density ρ0 to some final
density ρ due to applied stress PY .
Considering first a single component material, σD is the stress required to further den-
sify the powder as a result of either deformation of the particle, fracture of the particle,
or both. In the case of ductile materials, like Ta and Al, densification of the powders is
dominated by the process of plastic deformation and flow. For the oxide particles, Fe2O3
and Bi2O3, the measured densification modulus captures the simultaneous processes of
deformation, fracture, and rearrangement. This indicates that the densification modulus
measured through the modified P-σY method is mechanism independent, in that the value
itself does not reflect any one particular deformation mode. This is extremely beneficial
when one is attempting to describe the densification behavior of a mixture, as components
can have widely different yield responses, as is the case for the thermite powder mixtures.
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Thus, the σD determined from the quasi-static densification curves is effectively capturing
the multitude of interactions and process that occur as the mixture densifies.
How then, does a measured value for the densification modulus lead to an accurate
prediction of the dynamic crush strength? In fact, σD is exactly the term which is re-
quired by the Wu-Jing [83] model in its simplified description of the compaction process.
Therefore, the value for σD as determined using the current approach is substituted directly
for the yield strength of the solid Y in Eqns. (24) and (25) found in reference [83]. The
densification modulus so determined then allows for an accurate prediction of the critical
stress at which plastic deformation begins, Pcrit, as well as the shape of the densification
curve, α. By determining the correct value of the critical stress necessary to initiate plastic
deformation, the measured densification modulus allows for the appropriate offset of the
compaction curve from which the crush strength is determined. Thus, through the sys-
tematic approach presented in this dissertation, an accurate method for determining the
densification moduli of powders and powder mixtures has been developed, which in turn
allows for a direct prediction of the crush strength of the mixtures through the model of Wu
and Jing [83].
8.3 Significance of the Crush Strength
What has been developed in this dissertation is a continuum level approach to estimate
the crush strength in thermite powder mixtures. Its strength lies in its ability to use quasi-
static compaction data in combination with existing compaction models and equations of
state to predict a dynamic mixture property, the crush strength. While this approach does
address the issue of determining the stress necessary to reach full compaction in the powder
mixtures, still open are issues regarding the processes which occur as the mixtures approach
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the crush.
What then, is the significance of the crush strength, and why should one be interested in
its accurate prediction? In reactive mixtures, such as the thermite mixtures investigated, it is
important to determine the conditions necessary to initiate reactions relative to the work of
densification. In systems where compaction precedes reaction [139], quantification of the
total energy and work of compaction is an integral component in determining the reaction
initiation conditions.
Recall Fig. 8.10, which illustrates the PdV work that goes into crushing two powder
mixtures with very different crush strengths. For the mixture with the higher crush strength
(Fig. 8.10(a)), a greater amount of work is expended during the crushing of this material
to full density. Consider the scenario where the total amount of energy needed to initiate
reaction is equivalent between the two mixtures, and a shock stress σi is applied to both
mixtures (see Fig. 8.10). In this instance, the mixture with the higher crush strength will
consume more energy during compaction, such that it may have less energy remaining to
initiate reaction. Thus one might expect the mixture with the lower crush strength to have
a greater chance of reacting at the applied stress σi, as shown schematically in Fig. 8.10.
Is this a situation that is consistent across all reactive systems? Will all mixtures with
higher crush strengths react at higher threshold stresses than mixtures with lower crush
strengths? In systems that may react during compaction, does the magnitude of crush
strength determine the reaction initiation conditions? With regard to the last question
posed, one would expect that the crush strength would still influence the reaction initia-
tion threshold condition. This is due to the fact that the crush strength not only dictates the
ability of the reactant powders to reach full density, but also the ability to mix and generate
a configuration amenable for reaction initiation. Hence, a higher crush strength would also
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lead to higher stresses needed for generating an intimately mixed configuration and thus a
higher reaction initiation threshold.
The approach considered herein does not explicitly address the particle level phenom-
ena that control the densification response in the incomplete compaction region. In this
region, not only strength, but also particle size, shape, configuration, and rate dependen-
cies play a major role in influencing the compaction response. These issues require the
implementation of particle level (meso-scale) simulations. Describing the process of shock
compaction of powders and mixtures through meso-scale simulation has been a continued
area of research for a number of years, and has typically involved the use of simulated beds
of particles [132, 140]. Through simulations of this type, Benson and co-workers [60] and
Benson [141] have been able to describe both qualitatively and quantitatively the character-
istics associated with the transition from quasi-static to dynamic loading behavior as well
as the shock velocity - particle velocity relationship. However, using simulated particle
beds simplifies the particle shapes and limits the types of interactions one can observe.
Recently, Eakins and Thadhani [79] have incorporated the use of experimentally ob-
tained microstructures in shock wave simulations in reactive Ni + Al powder mixtures.
Specifically, they examine the effects of initial density (80%, 60%, 52%, and 45% TMD)
and initial configuration (spherical and flake morphologies) on not only the bulk response,
but also on the rise characteristics, stress distribution, and deformation behavior of the
constituents. They found that particle morphology significantly influences these traits, il-
lustrating the power of experimentally based computational shock compaction simulations.
Thus, while the continuum level approach oulined in this thesis is appropriate for predicting
the crush strength, and thus a correlation with the reaction initiation threshold, a complete
description of the powder compaction process, inclusive of the phenomena occurring in the
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incomplete compaction region, requires the implementation of meso-scale simulations.
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CHAPTER IX
SUMMARY OF RESULTS, CONCLUSIONS, AND FUTURE WORK
9.1 Summary of Results
This work set out to determine the densification and reaction response of two configura-
tionally and mechanically dissimilar thermite powder mixtures of Ta + Fe2O3 and Ta +
Bi2O3. In doing so, the quasi-static compaction response of the constituent powders and
equivolumetric ratios of the thermite mixtures were investigated first. The quasi-static com-
paction data was fit to the P-σY [20] and P-PAct [58] models and the modified Kawikata [13]
equation with varying degrees of success. Goodness of fit was found to be influenced by
initial configuration, particle rearrangement, preferential deformation modes, and the num-
ber of fitting parameters inherent in the models. Through direct analysis of the model fits
over the entire densification range, the most relevant parameters obtained were the stress
and density range over which rearrangement of the mixtures dominated the compaction
response.
To determine the dynamic compaction response, a series of instrumented parallel plate
impact experiments were performed. The stress range investigated was 0.9 to 12.2 GPa for
the Ta + Fe2O3 mixture, and 1.3 to 10.0 GPa for the Ta + Bi2O3 mixture, and the initial
densities for the mixtures were 49 % and 62 % theoretical maximum density. In order
to evaluate the levels of stress necessary to reach full compaction and reaction in each of
these mixtures, knowledge of the inert equation of state (EOS) of the solid mixtures was
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required. For the Ta + Fe2O3 mixture, the isothermal mixing method of McQueen and co-
workers [1] was applied directly to EOS data available in the literature for the constituents
to obtain the solid mixture EOS. For the Ta + Bi2O3 mixture, EOS information was not
available for Bi2O3, and a series of ultrasonic and dynamic impact tests were performed on
solid pellets of Bi2O3 to obtain its elastic and EOS properties.
With the inert solid equation of state of the mixtures defined, porosity was incorporated
into the EOS response through the Mie-Grüneisen extrapolation [15], Krueger and Vree-
land’s [44] energy partitioning method, and the models of Wu and Jing [83] and Petrie and
Page [13] for the mixtures, as applicable. Using the inert porous curves, the crush strengths
for the Ta + Fe2O3 mixture was found to be between 6-7 GPa, and for the Ta Bi2O3 mixture
it was approximately 2.5 GPa. Evidence of shock induced reaction was inconclusive in
both systems up to the maximum stresses investigated.
The dynamic compaction response for each of the mixtures was analyzed in the frame-
work of the P-α [5,6] and P-λ [12] models, as well as those of Wu and Jing [83] and Petrie
and Page [13]. The various forms of the P-α model and the P-λ model were found to fit
the data with moderate success; however, each of these models contained an empirically
determined fitting parameter. In their original formulations, the Wu-Jing [83] and Petrie-
Page [13] models did not fit the compaction data well. As the Wu-Jing [83] model does not
contain any empirically fit parameters, it was chosen for further analysis to determine if a
more accurate fit with the data could be obtained.
In examining the formulation of the Wu-Jing [83] model, it was found that the value
of the yield strength used heavily influenced the predicted compaction response, where
yield properties of the solid materials was used to predict the compaction response of the
porous mixtures. Defining the yield properties as such led to highly unrepresentative fits
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of the model response to experimentally obtained compaction data. To obtain better fits of
the compaction data with the Wu-Jing [83] prediction, the P-PAct model was implemented
to determine the compaction range in the quasi-static data over which rearrangement had
ceased, and further densification of the mixture could only proceed by deformation and
fracture of the primary particles. This densification range was then fit with a modified
form of the P-σY model to determine the densification modulus of the powder mixture,
which was subsequently substituted back into the Wu-Jing [83] model, replacing the yield
strength of the solid. In substituting the densification modulus for the yield strength of the
solid, compaction responses from the Wu-Jing [83] model were able to accurately predict
the crush strengths of both powder mixtures investigated. Furthermore, for the Ta + Fe2O3
mixture, this model predicted well the entire densification response.
This analysis was extended to published time-resolved compaction data for an equiv-
olumetric mixture of the Al + Fe2O3 [138], and was found to agree well with the exper-
imentally determined crush strength in this system. As such, a systematic approach to
predicting the crush strength in thermite powder mixtures has been proposed, and verified
on equivolumetric mixtures of Ta + Fe2O3, Ta + Bi2O3, and Al + Fe2O3. Further experi-
mental analysis will be required to determine if this approach is valid across other thermite
systems.
9.2 Conclusions
An approach that allows for accurate predictions of the crush strength in thermite powder
mixtures of varying constituents and configurations would serve to significantly advance
experimental capability in the field of reactive powder mixtures. This dissertation has pre-
sented one such approach.
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In analyzing the quasi-static and dynamic compaction response of two thermite powder
mixtures, a method for predicting the dynamic crush strength, based solely on the quasi-
statically obtained densification modulus of the mixtures, has been developed. This method
is unique in that it details a systematic approach to solving for a complex dynamic property
using existing continuum level approaches to powder compaction, e.g. the P-σY [20], P-
PAct [58], and Wu-Jing [83] models.
In their original formulations, each of these models describes well a certain aspect of
compaction. Assuming the powder mixture investigated is initially composed of mono-
sized spheres at a density of 64 % TMD where rearrangement no longer occurs, the P-σY
model will allow for determination of the appropriate densification modulus of the pow-
der. Assuming rearrangement is the dominant densification mechanism at low stresses,
application of the P-PAct model will give the stress and density range over which rearrange-
ment and some other stress activated process dominate. Assuming the rate independent
strength properties of the powder can be determined from its corresponding solid proper-
ties, the Wu-Jing [83] model will predict the entire densification and Hugoniot response of
the powder and/or mixture. However, in the case of many real world powder systems and
mixtures these assumptions do not hold, and direct application of these models can lead to
poor predictions and fits with experimental data.
To increase model functionality and advance the predictive ability of determining the
crush strength in thermite powder mixtures, these models were applied collaboratively.
Knowing that the Wu-Jing [83] model requires a strength parameter for the powder mixture,
one could use the P-σY model to determine this quantity. However, to obtain an accurate
value for the densification modulus with the P-σY model, it is necessary that rearrangement
not occur in the data being analyzed. To this end, the P-PAct model was used to determine
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the range of stress and densities over which the P-σY model needs to be applied to obtain
an accurate measure of the densification modulus. Thus, by seeking out the strengths in
each of these models, and applying them systematically to solve a common problem, the
strengths of the individual models combine to form a sound framework within which the
densification response, specifically the crush strength, in highly heterogeneous thermite
powder mixtures can be predicted.
With regard to crush strength, it was found that properties of the mixture prevailed,
while the densification response in the incomplete compaction region appears to be config-
urationally dependent. For the Ta + Fe2O3 mixture, where rate insensitive Fe2O3 comprises
the matrix, the rate independent model of Wu and Jing [83], inclusive of the measured den-
sification modulus of the mixture, is able to predict both the crush strength and the densifi-
cation response in the incomplete compaction region. For the Ta + Bi2O3 mixture, where
rate sensitive Ta is the matrix material, the rate independent form of the Wu-Jing [83] model
is found to not agree well with experimental results in the incomplete compaction region.
However, regardless of matrix rate sensitivity, the experimentally observed crush strength,
and that which is predicted using the Wu-Jing [83] model, inclusive of the appropriately
determined densification modulus, are found to coincide.
Accurate determination of the crush strength for different reactive powder mixtures is
important because of its influence on the threshold reaction initiation conditions. Current
methods of establishing the crush strength for heterogeneous thermite powder mixtures are
often experimentally intensive due to the lack of consistency and applicability of predictive
models over the wide range of material properties found in thermite mixtures. As such,
the approach set forth in this dissertation has sought to eliminate some of the guesswork
in determining the crush strength for thermite mixtures. In doing so, it is hoped that this
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approach can be extended to a multitude of different reactive mixtures, and be used as
a predictive tool to reduce the experimental costs associated with determining the crush
strengths in thermite systems; thus aiding in establishing the link between the crush strength
and the reaction initiation stress.
9.3 Future Work
As shown, this approach does well to predict the experimentally determined crush strength
for the thermite mixtures investigated; however, its ability to predict the entire densification
response depends on the matrix configuration and whether or not its strength properties are
rate sensitive. Determining the exact cause of the observed agreement and disagreement
between the predicted response in the various regions of compaction requires further re-
search and extension of the approach to additional thermite systems. Future work in this
area would benefit greatly if answers to a few fundamental questions could be obtained. Is
it possible that a continuum level approach could ever accurately capture the entire densifi-
cation response, and if so what would be the appropriate form of α (or any other parameter)
that is best suited to do so? Furthermore, what other experimental, theoretical, or compu-
tational techniques are available that may be better suited to describe the consolidation
process?
Within this dissertation, two separate thermite systems were investigated explicitly.
Both of these systems contained the same metal component and varied in the composition
of the oxide. Thus, it was the configuration and properties of the oxide component which
resulted in the observed differences in crush response of the mixtures. In this investiga-
tion, the dynamic response of Ta combined with a relatively soft Bi2O3, and Ta combined
with a significantly stiffer Fe2O3 was investigated. However, the morphology of the oxide
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particles were such that when combined with Ta the configurations of the resulting mix-
tures were extremely different. The porous and agglomerated Fe2O3 powder resulted in
a mixture where Ta was found in isolated regions surrounded by a matrix of the oxide.
Conversely, the larger particle size and discrete morphology of the Bi2O3 particles led to
a mixture whose matrix was composed of Ta. What if the stiffer porous Fe2O3 particles
were replaced with another high strength oxide that was composed of discrete particles.
With this configuration, the mode of stress transfer between the Ta + stiff oxide and the
Ta + Bi2O3 would both be through direct particle contacts and a better comparison of the
influence of oxide strength on the compaction behavior of the mixtures could be obtained.
By examining mixtures where the oxides are of similar (discrete particle) morphology,
one could eliminate the uncertainties associated with the crushing behavior of the porous
particles and focus on the deformation mechanism inherent for each of the materials and
how these mechanisms effect the observed compaction response of the mixture. The size
and/or volume fraction of each constituent could also be modified. This would result in
mixtures whose matrices are composed of either the metal or oxide component; thus allow-
ing one to determine explicitly the effect of the matrix material on the compaction response
of the mixture.
Through examination of the compaction response of these ’designer’ mixtures, one
would be able to gain insight into the applicability of the current form of α chosen to rep-
resent the consolidation response. If agreement between the predicted and actual responses
in certain mixtures varies, one would have a clearer framework within which to analyze the
observed differences. Furthermore, alternate forms of α could be examined to see if there
exists some other functional form which could better represent the entire densification re-
sponse, while still having a foundation in experimentally determinable material properties,
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e.g. σD.
If it is found that no single continuum level approach is able to accurately describe the
compaction behavior in these heterogeneous thermite mixtures, then other options should
be explored. One promising area of research that has been gaining momentum in the past
few years is the implementation of particle level simulations that employ experimentally
obtained microstructures. This approach offers significant benefits over the continuum level
approach in that this technique allows the researcher to visualize and quantify interactions
at the particle level. Ultimately, it is the interactions at the particle interfaces that lead to
the bulk responses observed, and without a detailed understanding of these interactions the
continuum level approach can only offer postulations as to the origins of the the observed
responses. Thus the insights gained from meso-scale modeling could be used to develop
better continuum level models, or could replace the need for continuum level models alto-
gether. It is not too hard to envision a day when computational power has grown to a level
such that larger scale modeling, where materials that are traditionally assigned continuum




MATLAB SCRIPTS FOR DATA CALCULATIONS
A.1 Scripts for comparison of mixture models with Elkonite 10W3
The following MATLAB scripts use the properties given in Table 2.1 to plot fits of the basic
mass average, material velocity average, isothermal mass average, and energy partitioning
mixture routines against experimental data for Elkonite 10W3 from Marsh [29]. The text
located between ’BEGIN PROGRAM’and ’END PROGRAM’ is direct script from sepa-
rate matlab files, and will be briefly described.
In all files, lines beginning with an % symbol indicate commented lines. Similarly,
commented sections of the code are located between the symbols
% and %
which are on lines by themselves. Section ’Front Matter’ simply closes any figures that
may be open and clears any variables in MATLAB, in addition to declaring the necessary
global variables which are needed to pass between function files. All initial material prop-
erties for the copper and tungsten are found in section ’Initial Material Properties’, with
standard SI units given. The basic mass averaging routine described in Sect. 2.5.1 is de-
scribed in the section ’Basic Mass Averaging’. In this section, average values for the bulk
soundspeed, ’S’ fitting parameter in the linear EOS, and initial volume are found through
mass averaging. Next, a compressional range is defined and the Hugoniot stress corre-
sponding to a given volume is determined. Following that, a range of material velocities
is defined and the mass averaged values of ’C0’ and ’S’ are used to determine the shock
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velocity.
For the ’Material Velocity Mass Averaging’ routine, a range of stress points if first
defined. Then, the particle velocity at every stress point is determined for each component
using its individual EOS. Next, the individual particle velocities are combined using the
mass averaged technique given by Eq. 47. From there, the volume and shock velocity are
also determined for each value of stress.
The ’0K Isothermal Mass Averaging’ routine begins by defining a range of volumes for
each material over which the compressional response will be determined. Following that,
the stress at each value of compression is determined for each component. Next, the 0K
isotherm is detemined for each component by calling the function ’IsoFun’ (a separate file
which will be described later) and fit to a fifth order polynomial. The 0K volumes are then
averaged by mass at a given stress stress value to result in an averaged σ − V relationship
for the mixture at 0K. Finally, the 0K isotherm is heated up yield the Hugoniot by calling
the function ’HugFun’ (described later) and values for the shock and material velocities
along the Hugoniot are determined from the conservation relations.
The ’Results from Energy Partition’ are values for the shock velocity as a function of the
particle velocity, where the US − uP relationship has been fit to a second order polynomial.
The results shown in this section are those for an energy partitioning ratio ξ = 1, and are
produced from a separate program which will be discussed in a following section. The
remainder of the code in this section plots the resultant mixture program results against the
experimental data of Marsh [29] for Elkonite 10W3.
’BEGIN PROGRAM’
% This program is to calculate the Hugoniot of a mixture of
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% two components, based on different Mixing Routines
% The mixing routines are:
% 1) Basic mass averaging
% 2) Material Velocity Mass Averaging
% 3) 0 K Isothermal Mass Averaging
% 4) Energy Partitioning
% ---------------------------------------- %





global C0 S V0H Grun0H i




% Initial Material Properties %
% ---------------------------------------- %
% ----- Copper ----- %
Rho0H(1) = 8930; %kg/m3
V0H(1) = 1./Rho0H(1); %m3/kg
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C0(1) = 3940; %m/s
S(1) = 1.489; %unitless
Grun0H(1) = 1.99; %unitless
ThreeNK(1) = 392.5; %atoms-J/kg-K
Cv(1) = 371.8; %J/kg-K
ThetD(1) = 306; %K
E0H(1) = 77000; %J/kg
E0K(1) = 0; %J/kg






% ----- Tungsten ----- %
Rho0H(2) = 19224; %kg/m3
V0H(2) = 1./Rho0H(2); %m3/kg
C0(2) = 4029; %m/s
S(2) = 1.237; %unitless
Grun0H(2) = 1.540; %unitless
ThreeNK(2) = 135.7; %atoms-J/kg-K
Cv(2) = 131; %J/kg-K
ThetD(2) = 247; %K
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E0H(2) = 29000; %J/kg
E0K(2) = 0; %J/kg







% Marsh Elkonite 10W3 Data %
% ---------------------------------------- %
UsMarsh=[3.535 3.616 3.783 3.733 4.393 4.791 4.723 4.812 4.878];
UpMarsh=[0.189 0.208 0.265 0.288 0.581 0.818 0.824 0.837 0.875];
PHMarsh = [0 10 11 15 16 24 38 58 58 60 63];
VHMarsh = 1./[14.88 15.73 15.74 15.96 16.07 16.5 17.07 17.97 18.0...
18.01 18.08];
% ---------------------------------------- %







C01 = C01 + C0(i).*MFrac(i);
S1 = S1 + S(i).*MFrac(i);
V0H1 = V0H1 + V0H(i).*MFrac(i);
end










Us1(:,1) = C01 + S1.*UpRange1(:,1);
% ---------------------------------------- %










UpM2(:,1) = sqrt(MFrac(1).*(UpI2(:,1).^2) +...
MFrac(2).*(UpI2(:,2).^2));
VH2(:,1) = V0H1 - (UpM2(:,1).^2)./PHRange2(:,1);
Us2(:,1) = V0H1.*sqrt((PHRange2(:,1))./(V0H1-(VH2(:,1))));
% ---------------------------------------- %






% ----- Stress of Individual Component ----- %
PH3 = zeros(VPoints3,NumMats);




% ----- 0 K Isotherm of Individual Component ----- %
VInc3 = 1000;






























for i = 1:NumMats
Grun0HMix3 = Grun0HMix3 + Grun0H(i).*MFrac(i);












% Results from Energy Partition %
% ---------------------------------------- %
for i = 1:10






























axis([0, 950, 3400, 5200])
set(gca,’YTick’,[3400, 3800, 4200, 4600, 5000])
set(gca,’XTick’,[0, 200, 400, 600, 800])
grid off
’END PROGRAM’
A.1.1 Code for Function ’IsoFun’
The function ’IsoFun’ is called in the previous code to determine the 0K isotherm of each
component in McQueen’s mixture model [1]. The equation ’dpdvK’ is Eq. 28 which results
in the stress along the 0K isotherm as a function of volume.
’BEGIN PROGRAM’
function dpdvK = IsoFun(A,B)












A.1.2 Code for Function ’HugFun’
The function ’HugFun’ is called in the previous code to heat up the 0K isotherm of the
mixture to yield the Hugoniot. The equation ’dpdvH’ is Eq. 17 which results in the σ − V
Hugoniot from the known isotherm.
’BEGIN PROGRAM’
function dpdvH = HugFun(K,Q)
global V0HMix3 Grun0HMix3 PKV5 PKV4 PKV3 PKV2 PKV1 PKV0
global V0KMixInit3
% K is V, Q is P
P0KMix = PKV5.*K.^5 + PKV4.*K.^4 + PKV3.*K.^3 + PKV2.*K.^2 +...
PKV1.*K + PKV0;




dpdvH = (-0.5.*GovV.*Q + dP0KdV + GovV.*P0KMix)./...
(1-0.5.*GovV.*(V0KMixInit3-K));
’END PROGRAM’
A.1.3 Energy Partition Mixture Program
The following code performs the calculations given in Krueger and Vreeland’s energy par-
titioning model [44]. The code begins by first defining the necessary component material
parameters in the section ’Initial Material Properties’, and listing the experimental data
from Marsh [29] in ’Marsh Elkonite 10W3 Data’. The section ’Avg. Behavior for Homo-
geneous Mixture’ pridicts the mixture response if the material properties are averaged and
the stress and energy are those produced from a single phase homogenous mixture. The
average mixture response is needed to supply initial guesses for the simultaneous equations
that must be solved in successive steps. In ’Initial Guesses of P,Us,VA,VB’, the average
mixture response is used to predict initial guesses as to the values for the stress, shock ve-
locity, and volumes of components A and B. Within this section, the initial guesses are used
to solve the set of simultaneous equations for a given assigned material velocity through
the function ’simuleq’. The simultaneous equations are solved for each discreet value of
material velocity assigned, which in this case is ten separate values. Data is plotted within
section ’Plotting of Data’. The meat of the calculations are performed in the section ’Si-
multaneous Equations to solve’. Here, the relations developed in [44], Eqns. 53 and 60,




function [KVOut, AvgOut] = EnergyPartition(NrgRatio)
% Script for Energy Partitioning Mixture EOS






% Initial Material Properties %
% ---------------------------------------- %
% ----- Copper ----- %
Rho0H1 = 8.930; %kg/m3
V0H1 = 1./Rho0H1; %m3/kg




% ----- Tungsten ----- %
Rho0H2 = 19.224; %kg/m3
V0H2 = 1./Rho0H2; %m3/kg
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% Marsh Elkonite 10W3 Data %
% ---------------------------------------- %
UsMarsh=[3.535 3.616 3.783 3.733 4.393 4.791 4.723 4.812 4.878];
UpMarsh=[0.189 0.208 0.265 0.288 0.581 0.818 0.824 0.837 0.875];
PHMarsh = [0 10 11 15 16 24 38 58 58 60 63];
VHMarsh = 1./[14.88 15.73 15.74 15.96 16.07 16.5 17.07 17.97 18.0...
18.01 18.08];
% ---------------------------------------- %
% Avg. Behavior for Homogeneous Mixture %
% ---------------------------------------- %
V0Avg = V0H1.*MFrac1 + V0H2.*MFrac2;
V00Avg = Distention.*V0Avg;
V0ovG0 = MFrac1.*(V0H1./Grun0H1) + MFrac2.*(V0H2./Grun0H2);





VRange = linspace(0.96.*V0Avg, 0.835.*V0Avg,NumPts);
PEAvg = (BTAvg./BTPAvg).*(((V0Avg./VRange).^BTPAvg)-1);
EEAvg = ((BTAvg.*VRange)./BTPAvg).*(((V0Avg./VRange).^BTPAvg)./...
(BTPAvg-1) + 1) - (BTAvg.*V0Avg)./(BTPAvg-1);
PAvg = (V0ovG0.*PEAvg - EEAvg)./(V0ovG0-0.5.*(V00Avg-VRange));
UsAvg = V00Avg.*sqrt(PAvg./(V00Avg-VRange));
UpAvg = sqrt(PAvg.*(V00Avg-VRange));
AvgOut = [PAvg; UsAvg; UpAvg; VRange];





% Initial Guesses of P,Us,VA,VB %
% ---------------------------------------- %
% ----- Uses Average data for 1st Guess ----- %
%NrgLimit = 1e5;
%if NrgRatio > NrgLimit








% ----- Iteration Scheme for Initial Guesses ----- %
for i = 1:NumPoints
if i == 1;




xG = [PHG1, UsG1, VovV0G1.*V0H1, VovV0G1.*V0H2];






xG = [PHG2, UsG2, CorrectionFactor.*VA(i-1),...
CorrectionFactor.*VB(i-1)];






xG = [PHG3, UsG3, VAG3, VBG3];
end
options = optimset(’Display’,’off’,’MaxFunEvals’,5e4,’TolX’,...
1e-6, ’TolFun’, 1e-6) ;
fhandle = @(x)simuleq(x,MFrac1,MFrac2,Distention,V0H1,V0H2,...
Grun0H1,Grun0H2,BT1,BT2,BTP1,BTP2,NrgRatio, Up(i));






VAB(i) = VA(i).*MFrac1 + VB(i).*MFrac2;
end

















% Simultaneous Equataions to Solve %
% ---------------------------------------- %
function G = simuleq(x,MFrac1,MFrac2,Distention,V0H1,V0H2,...





% ----- Supporting Relations ----- %
VAB = VA.*MFrac1 + VB.*MFrac2;










% ----- Murnaghan Equations given in Krueger-Vreeland ----- %
PEA = (BT1./BTP1).*((V0H1./VA).^BTP1 -1);
PEB = (BT2./BTP2).*((V0H2./VB).^BTP2 -1);
% ----- Kit’s Integral Equation of PE ----- %
EEA = (BT1.*VA./BTP1).*(((V0H1./VA).^BTP1)./(BTP1-1) + 1) -...
(BT1.*V0H1./(BTP1-1));
EEB = (BT2.*VB./BTP2).*(((V0H2./VB).^BTP2)./(BTP2-1) + 1) -...
(BT2.*V0H2./(BTP2-1));
% ----- Equations in Paper to Solve ----- %
Eqn1 = -(1./V00AB).*Us + (1./VAB).*(Us-Up);





Trm5 = SigmaA + SigmaB - 0.5.*(Phi-EtaA.*LambdaA-EtaB.*LambdaB);
Eqn8 = -P + (Trm1 + Trm2 - Trm3 - Trm4)./Trm5;
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Eqn12 = -P.*(1-NrgRatio./Epsilon)+PEB-(NrgRatio./Epsilon).*PEA;
G = [Eqn1; Eqn2; Eqn8; Eqn12];
’END PROGRAM’
A.2 Script for Hilbert Transformation of Soundspeed Data
The following program opens the file ’LongG1.txt’, which is a voltage-time (V-T) signal
of a longitudinal waveform. After reading the V-T data into the matrix Data, it performs a
Hilbert transformation on the V-T data, and finds the maximum values of both the original
V-T data as well as the transformed data. Next, the time at which the maximum value of the
envelope occurs is determined, and output. Also output are plots showing the transformed











for i = 1:SZ(1,1)








for i = 1:SZ(1,1)










A.3 Impedance Matching Technique
The following program calculates the shocked state in a material using the impedance
matching technique. In this configuration in is assumed that a flyer impacts a driver mate-
rial which in turn impacts the material of interest. This is a general program that has been
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used for all the material systems investigated in this dissertation. The only shot-specific pa-
rameters are the impact velocity of the projectile and flyer and the measured initial density
and shock velocity of the specimen.
The program begins by defining the known properties of the impactor (flyer) and driver
materials, where the parameters A0Fl, A1Fl, etc. are the 2σ0 uncertainties in the shock
velocity resulting from the uncertainties in the parameters C0 and S as oulined in Sect. 6.9.
Note there is the option to choose either the copper driver or the W-6Ni-4Cu alloy driver.
The shocked state in the flyer and driver materials is calculated at the point of impact first,
along with the uncertainty in each as a function of 2σ0. Stress and material velocity error
bounds are then calculated at the using the value of 2σ0 at the point of intersection in
the σ − uP plane. With the shocked state at the flyer-driver characterized, the unloading
Hugoniot of the primary driver and its uncertaity bounds are calculated. Following this
step, the unloading Hugoniots are used to calculate the release isentropes of the primary
driver and its bands of uncertaintly. This is accomplished by calling the separate files
’IsentFun’, ’IsentUncer1’, and ’IsentUncer2’ to calculate the release isentropes in σ − V
space. Within this calculation the 2σ0 value calculated at the flyer-driver interface is used
for uncertainty in the release isentrope. Next, the isentrope is transformed from σ−V space
into σ − uP space for each of the aforementioned release curves. Finally, the intersection
of the line defined by ρ00US for the powder with the release isentrope and its uncertainty
bands is found.
’BEGIN PROGRAM’
%This Program is to use impedance matching techniques to
%determine the stress and material velocity in a sample
%using the measured value of shock velocity in the sample
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%




global C02 S2 V0H2 Grun0H2 C0UD1 C0UD2
%%% ---------------- INPUT PARAMETERS ---------------- %%%
% Impact Velocity
VImp = .5455; %m/s 974.1
% - Sample Properties
Rho0H3 = 8.0982; %kg/m3 7979
V0H3 = 1./Rho0H3; %m3/kg
USsample = .928; %Value 1759 in m/s
%%% ------------------------------------------------- %%%




Rho0H1 = 8.925; %g/m3
V0H1 = 1./Rho0H1; %cm3/g
C01 = 3.905; %km/s
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S1 = 1.512; %unitless
Grun0H1 = 2; %unitless




Rho0H1 = 17.194; %g/m3
V0H1 = 1./Rho0H1; %cm3/kg
C01 = 3.874; %km/s
S1 = 1.50; %unitless
Grun0H1 = 1.828; %unitless
A0Fl = .041757; A1Fl = -.0012611;




Rho0H2 = 8.925; %g/m3
V0H2 = 1./Rho0H2; %cm3/kg+
C02 = 3.905; %km/s
S2 = 1.512; %unitless
Grun0H2 = 2; %unitless
A0Dr=.035234; A1Dr=-.026175; A2Dr=.027992; A3Dr=-.002309;
%%% -------------------------------------------------- %%%
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%%% ----------- Begin Calculations ------------------- %%%













% - Pressure along Driver - %
PHTarget1(:,1) = Rho0H2.*(C02+S2.*UpRange(:,1)).*UpRange(:,1);







% - Properties at Intersection Point




VCuImpact1 = 1/Rho0H2 - (UpCuImpact1^2)/PCuImpact1;
ECuImpact1 = 0.5*PCuImpact1*(V0H2-VCuImpact1);
% - Uncertainty Properties at Intersection UpF-D(-)








VInterUncer1 = 1/Rho0H2 - (UpInterUncer1^2)/PInterUncer1;




C0UD2 = C02-A0Dr + A1Dr.*UpCuImpact1+A2Dr.*UpCuImpact1.^2+...
A3Dr.*UpCuImpact1.^3; %Driver




VInterUncer2 = 1/Rho0H2 - (UpInterUncer2^2)/PInterUncer2;


























% Fit of Isentrope in P-V Space to a 5th order polynomial
% Fits V(P)
PI = polyfit(PIsenCalc(:,1),VIsenCalc(:,1),5);
PIV5 = PI(1,1); PIV4 = PI(1,2); PIV3 = PI(1,3);
PIV2 = PI(1,4); PIV1 = PI(1,5); PIV0 = PI(1,6);











PU1V5 = PU1(1,1); PU1V4 = PU1(1,2); PU1V3 = PU1(1,3);
PU1V2 = PU1(1,4); PU1V1 = PU1(1,5); PU1V0 = PU1(1,6);










PU2V5 = PU2(1,1); PU2V4 = PU2(1,2); PU2V3 = PU2(1,3);
PU2V2 = PU2(1,4); PU2V1 = PU2(1,5); PU2V0 = PU2(1,6);
% - Uses Term 2 in Eqn 5.116 in Zharkov ’Eqns of State for Solids
% at High Pressures and Temperatures’ p. 143
PRange(:,1) = linspace(PCuImpact1,0,1000);
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URF = URF + UpCuImpact1;
% - Fit stress along rarefaction as f(URF)
PIURF = polyfit(URF(:,1),PRange(:,1),5);
PRF5 = PIURF(1,1); PRF4 = PIURF(1,2); PRF3 = PIURF(1,3);
PRF2 = PIURF(1,4); PRF1 = PIURF(1,5); PRF0 = PIURF(1,6);
% - Plotted data fit and it overlays actual data
% Isentrope Uncertainty 1 Up(P)
PRangeU1(:,1) = linspace(PInterUncer1,0,1000);
dVdPUncer1 = @(Q) sqrt(-(5.*PU1V5.*Q.^4+4.*PU1V4.*Q.^3+...
3.*PU1V3.*Q.^2 + 2.*PU1V2.*Q + PU1V1));
for i = 1:1000
URFUnc1(i,1) = quadl(dVdPUncer1,PRangeU1(i,1),PInterUncer1);
end
URFUnc1 = URFUnc1 + UpInterUncer1;
% Fit P(Up)
PUPRFU1 = polyfit(URFUnc1(:,1),PRangeU1(:,1),5);
PRF1U5 = PUPRFU1(1,1); PRF1U4 = PUPRFU1(1,2);
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PRF1U3 = PUPRFU1(1,3); PRF1U2 = PUPRFU1(1,4);
PRF1U1 = PUPRFU1(1,5); PRF1U0 = PUPRFU1(1,6);
% Isentrope Uncertainty 2 Up(P)
PRangeU2(:,1) = linspace(PInterUncer2,0,1000);
dVdPUncer2 = @(R) sqrt(-(5.*PU2V5.*R.^4+4.*PU2V4.*R.^3 +...
3.*PU2V3.*R.^2 + 2.*PU2V2.*R + PU2V1));
for i = 1:1000
URFUnc2(i,1) = quadl(dVdPUncer2,PRangeU2(i,1),PInterUncer2);
end
URFUnc2 = URFUnc2 + UpInterUncer2;
% Fit P(Up)
PUPRFU2 = polyfit(URFUnc2(:,1),PRangeU2(:,1),5);
PRF2U5 = PUPRFU2(1,1); PRF2U4 = PUPRFU2(1,2);
PRF2U3 = PUPRFU2(1,3); PRF2U2 = PUPRFU2(1,4);
PRF2U1 = PUPRFU2(1,5); PRF2U0 = PUPRFU2(1,6);




% - Fit for Standard Hugoniot
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PFit = @(Y) Rho0H3.*USsample.*Y - (PRF5.*Y.^5+PRF4.*Y.^4+...
PRF3.*Y.^3 + PRF2.*Y.^2 + PRF1.*Y + PRF0);
UpCuImpact2 = fsolve(PFit,StartUp);
PCuImpact2 = PRF5.*UpCuImpact2.^5 + PRF4.*UpCuImpact2.^4+...
PRF3.*UpCuImpact2.^3 + PRF2.*UpCuImpact2.^2+...
PRF1.*UpCuImpact2 + PRF0;
% - Fit for Uncertainty 1
PFitU1 = @(S) Rho0H3.*USsample.*S-(PRF1U5.*S.^5+PRF1U4.*S.^4+...
PRF1U3.*S.^3 + PRF1U2.*S.^2 + PRF1U1.*S + PRF1U0);
UpUncer1 = fsolve(PFitU1,StartUp);
PUncer1 = PRF1U5.*UpUncer1.^5 + PRF1U4.*UpUncer1.^4 + ...
PRF1U3.*UpUncer1.^3 + PRF1U2.*UpUncer1.^2 + ...
PRF1U1.*UpUncer1 + PRF1U0;
% - Fit for Uncertainty 2
PFitU2 = @(T) Rho0H3.*USsample.*T-(PRF2U5.*T.^5 + PRF2U4.*T.^4+...
PRF2U3.*T.^3 + PRF2U2.*T.^2 + PRF2U1.*T + PRF2U0);
UpUncer2 = fsolve(PFitU2,StartUp);
PUncer2 = PRF2U5.*UpUncer2.^5 + PRF2U4.*UpUncer2.^4 + ...







fprintf(’Impactor/Driver Mat. Vel. Uncertainty (+)’);
UpInterUncer2






fprintf(’Driver/Powder Mat. Vel. Uncertainty (+)’)
UpUncer2
fprintf(’Driver/Powder Mat. Vel. Uncertainty (-)’)
UpUncer1





















A.3.1 Release Isentrope, ’IsentFun’
’BEGIN PROGRAM’
function dpdvS = IsentFun(A,B)
global C02 S2 V0H2 Grun0H2
% A = Volume










dpdvS = -GovV.*B + 0.5.*GovV.*PH +...
dPHdV.*(1-0.5.*GovV.*(V0HL-A));
’END PROGRAM’
A.3.2 Uncertainty in Release Isentrope, ’IsentUncer1’
’BEGIN PROGRAM’
function dpdvS = IsentUncer1(C,D)
global C0UD1 S2 V0H2 Grun0H2
% C = Volume










dpdvS = -GovV.*D + 0.5.*GovV.*PH +...
dPHdV.*(1-0.5.*GovV.*(V0HL-C));
’END PROGRAM’
A.3.3 Uncertainty in Release Isentrope, ’IsentUncer2’
’BEGIN PROGRAM’
function dpdvS = IsentUncer2(E,F)
global C0UD2 S2 V0H2 Grun0H2
% E = Volume
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